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Abstract 



Die vorliegende Arbeit beschaftigt sich mit der BFV-Reduktion von Hamiltonschen Sys- 
temen mit erstklassigen Zwangsbedingungen im Rahmen der klassischen Hamiltonschen 
Mechanik und im Rahmen der Deformationsquantisierung. Besondere Aufmerksamkeit wird 
dabei Zwangsbedingungen zuteil, die als NuUfaser singularer aquivarianter Impulsabbildun- 
gen entstehen. Es ist schon langer bekannt, daB fiir Nullfasern regularer aquivarianter Im- 
pulsabbildungen die in der theoretischen Physik gebrauchhche Methode der BFV-Reduktion 
zur Phasenraumreduktion nach Marsden/Weinstein aquivalent ist. In [23] konnte gezeigt 
werden, daB in dieser Situation die BFV-Reduktion sich auch im Rahmen der Deforma- 
tionsquantisierung natiirhch formuheren laBt und erfolgreich zur Konstruktion von Stern- 
produkten auf Marsden/Weinstein-Quotienten verwendet werden kann. Ein Hauptergebnis 
der vorhegenden Arbeit besteht in der Verallgemeinerung der Ergebnisse aus [2^ auf den 
Fall singularer Impulsabbildungen, deren Komponenten 1.) das Verschwindungsideal der 
Zwangsfiache erzeugen und 2.) einen voUstandigen Durchschnitt bilden. Die Argumenta- 
tion von [24j wird durch Gebrauch der Storungslemmata aus dem Anhang I A . 1 1 systemat isiert 
und vereinfacht. Zum Existenzbeweis von stetigen Homotopien und stetiger Fortsetzungsab- 
bildung fiir die Koszulauflosung werden der Zerfallungssatz und der Fortsetzungssatz von 
Bierstone und Schwarz [20] benutzt. AuBerdem wird ein 'Jacobisches Kriterium' fiir die 
Uberpriifung von Bedingung 2.) angegeben. Basierend auf diesem Kriterium und Techniken 
aus [3j werden die Bedingungen 1.) und 2.) an einer Reihe von Beispielen getestet. Als 
KoroUar erhalt man den Beweis dafiir, daB es symplektisch stratifizierte Raume gibt, die 
keine Orbifaltigkeiten sind und dennoch eine stetige Deformationsquantisierung zulassen. 
Ferner wird (ahnlich zu [92]) eine konzeptionielle Erklarung dafiir gegeben, warum im Fall 
voUstandiger Durchschnitte das Problem der Quantisierung der BRST-Ladung eine so ein- 
fache Losung hat. 

Bildet die Impulsabbildung eine erstklassige Zwangsbedingung, ist aber kein voUstiindiger 
Durchschnitt, dann ist es im allgemeinen nicht bekannt, wie entsprechende Quantenreduk- 
tionsresultate zu erzielen sind. Ein Hauptaugenmerk der Untersuchung wird es deshalb 
sein, in dieser Situation die klassische BFV-Reduktion besser zu verstehen - natiirlich in 
der Hoffnung, Grundlagen fiir eine etwaige (Deformations-) Quantisierung zu liefern. Wir 
werden feststellen, daB es zwei Griinde gibt, die Tate-Erzeuger (alias: Antigeister hoheren 
Niveaus) notwendig machen: die Topologie der Zwangsfiache und die Singularitatentheorie 
der Impulsabbildung. Die Zahl der Tate-Erzeuger kann durch Ubergang zu projektiven Tate- 
Erzeugern, also Vektorbiindeln, verringert werden. Allerdings sorgt Halperins Starrheitssatz 
[57] dafiir, daB im wesentlichen alle Falle, fiir die die Zwangsfiache kein lokal voUstandiger 
Durchschnitt ist, zu unendlich vielen Tate-Erzeugern fiihren. Erzeugen die Komponen- 
ten einer Impulsabbildung einer linearen symplektischen Gruppenwirkung das Verschwin- 
dungsideal der Zwangsfiache, so kann man eine lokal endliche Tate-Aufiosung finden. Diese 
besitzt nach dem Fortsetzungssatz und dem Zerfallungssatz von Bierstone und Schwarz 
stetige, kontrahierende Homotopien. Ausgehend von einer solchen Tate-Aufiosung konstru- 
ieren wir, die klassische BFV-Konstruktion fiir vollstandige Durchschnitte verallgemeinernd, 
eine graduierte superkommutative Algebra. Wir konnen zeigen, daB diese graduierte Algebra 



auch im Vektorbiindelfall eine graduierte Poissonklammer besitzt, die sogenannte Rothstein- 
Poissonklammer. Die Existenz einer solchen Poissonklammer war bereits von Rothstein [87] 
fiir die einfachere Situation einer symplektischen Supermannigfaltigkeit bewiesen worden. 
Dariiberhinaus werden wir sehen, daB es auch im Vektorbiindelfall eine BRST-Ladung gibt. 
Diese sielit im Fall von Impulsabbildungen etwas einfacher aus als fiir allgemeine erstklas- 
sige Zwangsbedingungen. Insgesamt wird also die klassisclie BFV-Konstruktion [95J auf 
den Fall projektiver Tate-Erzeuger verallgemeinert, und als eine Homotopieaquivalenz in der 
additiven Kategorie der Frechet-Raume interpretiert. 
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Chapter 1 
Introduction 



If we would adopt the terminology of the physicists the topic of this work would probably 
most succinctly be described as 'BRST-deformation quantization'. Let us read this term 
backwards, and say a few words about 'quantization' first. In physics, by quantization one 
loosely means a rule how to assign to a classical mechanical system a quantum mechanical 
system. For example, the quantum mechanical analog of the two body gravitational system 
(the Kepler system) is the hydrogen atom, i.e., the system of a proton and an electron 
subjected to electromagnetic force. In classical mechanics the states of a system are the 
points of the phase space (or, more generally, probability distributions on the phase space) 
and the observable quantities (for short observables) , are the (smooth) functions on the phase 
space. Every observable makes the phase space into a dynamical system, the dynamics is 
governed by the Hamiltonian equations of motion, which is a nonlinear first order ordinary 
differential equation. In quantum mechanics the states of a system are (ray equivalence 
classes of) vectors in a separable Hilbert space (or, more generally, density matrices). An 
observable is a self adjoint operator acting on this Hilbert space. The dynamics in quantum 
mechanics is determined by the Schrodinger equation, which is a linear partial differential 
equation. One wishes that the quantization procedure should be structurally clear, e.g., 
symmetry properties of the system should be preserved. This is already an interesting issue 
for the hydrogen atom (see jM]). 

At this point the consensus ends and the dissent begins. About thirty years ago somebody 
coined the sentence 'First quantization is a mystery, but second quantization is a functor!' 
[85] . It is the opinion of the author that the situation did not change too dramatically 
ever since. Up to now there is no completely satisfactory, mathematical well-defined and 
universally applicable theory of ('first') quantization. This difficulty is already notorious if 
one restricts to systems with finitely many degrees of freedom. The quantum mechanics 
textbook approach, which is usually called 'canonical quantization', is clearly satisfactory 
for the working physicist, but should be viewed merely as heuristics with a fairly limited 
domain of applicability rather than a true theory. More than fifty years after its invention 
by R. Feynman, the path integral approach, which is highly used in theoretical physics 
and which is certainly pretty universal, still deserves full mathematical justification. Due 
to the tremendous success of applying path intergral techniques to deep problems in pure 
mathematics in the last two decades the attitude of the mathematical world to the path 
integral changed from brusque rejection to some sort of (neurotic) admiration. An extensively 
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studied, rigorous approach to the quantization problem is geometric quantizatioi^, which 
goes back to works of B. Kostant and J.-M. Soriau (see for example the monograph |103j ). 
A serious drawback of this method is that the set of observables which can be quantized 
is, in general, too small. One should also mention the operator algebraic approach of strict 
quantization which goes back to M. Rieffel (being advocated in the monograph [TP]). 

The approach to quantization that will be pursued in this work is that of formal deforma- 
tion quantization (the 'formal' will be dropped for convenience). In deformation quantiza- 
tion one deliberately neglects all functional-analytic and convergence questions, and uses the 
gained freedom to focus on the algebraic content of the quantization problem. In this way one 
obtains a (not completely satisfactory) mathematically well-defined, universally applicable 
theory of quantization of mechanical systems with finitely many degrees of freedom. Inspired 
by the symbol calculus of differential operators and the deformation theory of associative 
algebras [H] the founding fathers [121 El US] of the theory proposed to view the quantization 
problem as a deformation problem for the algebra of smooth functions on the phase space 
seen as an associative algebra. Accordingly, the basic objects of study are so-called star 
products which are associative formal deformations of the algebra of smooth functions on 
a Poisson manifold given by formal series of bidifferential operators and which reproduce 
the original Poisson structure as a semiclassical limit. The classification of star products 
on symplectic manifolds has been achieved by De Wilde and Lecomte [35] and Deligne [36] 
using sheaf theoretic methods and by Fedosov [16] using global, geometric methods. In 1997 
in a preprint (which is meanwhile published [65]) Kontsevich obtained a proof of his formal- 
ity theorem, which says that the differential Hochschild cochain complex of the algebra of 
smooth functions on a smooth manifold is Loo-quasiisomorphic to its cohomology, i.e., the 
Z-graded Lie algebra of polyvector fields. For the flat space the Loo-quasiisomorphism is 
given by a remarkable, explicit formula. The formality theorem entails the classification of 
star products for Poisson manifolds. Ironically, the 'magic' of Kontsevich's universal quan- 
tization formula appears to be natural in the light of topological quantum field theory. As 
it has been explained by Cattaneo and Felder [30] the associativity of the Kontsevich star 
product can be understood as a Ward identity in the perturbative expansion of a certain 
topological sigma model. A more refined version of the formality theorem with a more con- 
ceptual method of proof has been found by Tamarkin [96] (see also the recent preprint [39]). 
Since the appearance of the Kontsevich formality theorem the theory underwent a notewor- 
thy expansion/metamorphosi^, which makes it somehow difficult to give a clear picture of 
the current status. For a more detailed exposition and references we refer to [38]. At this 
point we would like to emphasize that (even though some progress has been made in the 
case of orbifolds \8^), in general, the above mentioned methods do not work if the phase 
space has singularities. 

It is a delicate task to find out the precise number of publication^ which employ BRST- 
like methods, since they are part of the collective subconsciousness of particle physics. 
Roughly speaking, the idea attributed to Becchi, Rouet, Stora [THilTlilH] and Tyutin [lOOj 
was to tackle the problem of gauge invariance, which makes the scattering amplitudes in 



^The number of publications related to geometric quantization is presumably already of order 10^. 
^According to the citation index of the AMS there are over 500 publications related to deformation 
quantization (MSG 53D55) since 1998. 
^The guess 10** is not too far-fetched. 
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the perturbative expansion of a gauge theory formally infinite, by introducing new artifical 
fermionic field variables, the so-called 'ghosts', and to exploit a certain transformation (the 
BRST-symmetry) on the field variables, which leaves the action invariant and is of square 
zero. Still in a field theoretic spirit, in a series of papers Batalin, Fradkin and Vilkovisky 
[H [ini El E] formulated a quite general Hamiltonian version of the theory. In the second half 
of the eighties it has been realized by the workers in the field that for mechanical systems 
of finitely many degrees of freedom, this BFV-reduction method is an incarnation of phase 
space reduction. For example, in the seminal article of Kostant and Sternberg |68] it has 
been explained that the reduced algebra of a regular Marsden-Weinstein reduction at zero 
level of the moment map can be interpreted as the zeroth cohomology of an irreducible first 
class BRST-algebra. Moreover, it is shown in [68] that, in this case, the important problem 
of the quantization of the BRST-charge has a straight forward solution. As a consequence, in 
the regular case the techniques of BFV-reduction have been successfully applied to quantum 
phase space reduction in the context of geometric quantization program, see e.g., [12] . 

Inspired by these works in [24] the authors have been able to show that the BFV-technique 
can be successfully employed to construct differential star products on phase spaces which 
are obtained by regular Marsden-Weinstein reduction with respect to a proper (locally) free 
Hamiltonian Lie group action (a similar result has been proved before by Fedosov [18| using 
other methods). Based on techniques akin to standard homological perturbation theory 
(for HPT see e.g., [62j and the references therein) the reduced star product was given by a 
formula involving a series of differential operators, which are recursively determined. The 
key ingredients for the proof that this star product is in fact differential have been that 
1.) in the regular case, there are explicit integral formulas for contracting homotopies of 
the Koszul- resolution, 2.) there is a multiplicative prolongation map. Moreover, in certain 
examples the above recursion can be solved, and the reduced star product can be given by 
an explicit formula. 

In this paper we will see that the techniques of [21], suitably modified, apply also to 
certain cases of singular phase space reduction. More specifically, we will be concerned with 
a symplectic manifold M with a Hamiltonian action of a compact, connected Lie group G 
(with Lie algebra g), such that the moment map J : M —>■ g* satisfies the following two 
conditions 

1. generating hypothesis: the components of the moment map generate the ideal of the 
zero fibre Z = J~^(0), 

2. complete intersection hypothesis: the Koszul complex on J is acyclic. 

The generating hypothesis entails that the constraint set Z is first class. In case the moment 
map satisfies condition [2l, according to the physicist's terminology, one also says that J is an 
irreducible constraint. Hence, the above setup is a special case of what is called in the physics 
literature an irreducible first class constraint. It is well-known (and not difficult to see) that 
these conditions are fulfilled if G g* is a regular value of J. However, if G 0* is a singular 
value of J it is not at all a straight forward to check the above conditions (in particular 
condition 1.). In order to decide wether the generating hypothesis holds we will make use of 
the techniques developed in the seminal paper of Arms, Gotay and Jennings [3]. Accordingly, 
the generating hypothesis can be reduced to an elementary problem in algebraic geometry. In 
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order to check the complete intersection hypothesis we have found a nice ' Jacobian criterion' 
(Theorem 13. 5. II) . which apphes if the generating hypothesis is true. In contrast to the regular 
case, in the singular case the continuous prolongation map and the continuous contracting 
homotopies of the Koszul resolution are not explicitly given, but appear as Deus ex machina 
as a consequence of the extension and the division theorem of [2D] . Moreover, in the singular 
case the prolongation map is not multiplicative. As a result, if condition [H) and[2J) are 
fulfilled, we observe that the Koszul resolution on the moment map is actually a contraction 
in the additive category of Frechet spaces (cf. Appendix lA.ll) . This contraction is the 
main ingredient for the construction of the classical BRST-algebra (cf. Section fS.lOp . This 
BRST-algebra is a differential graded Poisson algebra. At the same time it contracts to 
the Lie algebra cohomology of the g-module C°^(Z). Therefore, H'(0, C°°(Z)) aquires a Z- 
graded Poisson algebra structure. If the generating hypothesis is true it will be explained 
(cf. Proposition [2X8]) that the Poisson subalgebra H°(g,C°°(Z)) = C°^{Z)^ is isomorphic to 
the Poisson algebra of functions of the stratified symplectic space Z/G (cf. [93j). Along the 
lines of Kostant/Sternberg [BB] and [23] we construct in Section l^?T] a deformation quantized 
version of the classical BRST-algebra, the main ingredients being a star product on M and 
a quantum moment map. To this end we follow the observation made in [24j that it is 
most comfortable to use the standard ordered (aka normal ordered) Clifford multiplication. 
Afterwards (cf. Section 14.21) we give a conceptual explanation (similar to [92]) why this 
construction of a quantum BRST algebra works, i.e., why the 'miracle' of quantization of the 
BRST-charge happens. In the final Section I4l3] we show, using the homological perturbation 
theory techniques of appendix lA.ll that the quantum BRST-complex contracts to a Lie 
algebra cohomology complex of a certain deformed respresentation. Unfortunately, the space 
of invariants of this representation does, in general, not coincide with the topological free 
module generated by the space of invariants of the classical moment map. However, we are 
able to show that this problem can be circumvented if either we choose a strongly invariant 
star product, or the Lie group G is a compact, connected and semisimple. In these cases we 
obtain continuous star products which deform the Poisson algebra of smooth functions on 
the singular reduced space Z/G. 

In order to illustrate our reduction methods we spend considerable effort in checking 
the generating and complete intersection hypothesis on a number of examples (all of them 
appeared in the literature before), see the list of examples at the end of Subsection 12. Ll[ As 
a matter of principle, the generating hypothesis is much more easy to verify for torus actions 
than for nonabelian group actions (cf. Proposition 12 . 1 . IT] and Theorem 12. 1.1 21) . In particular, 
if a moment map of an S^-action changes sign in a open neighborhood of 2; in M for every 
z & Z, then the generating hypothesis and the complete intersection hypothesis are true. 
An example of such a moment map is provided by the so-called (1, 1, —1, — l)-resonance of 
[33], for which it is known that the reduced space is not an orbifold, but a genuine stratified 
symplectic space. Based on results of [27] we have also found a nonabelian example, a so- 
called commuting variety, for which the generating and the complete intersection hypothesis 
hold. Note that the results of [2Z] have been generalized to moment maps of the isotropy 
representations of symmetric spaces of maximal rank [82] . 

This closes the first circle of ideas which will be discussed here. The second topic of 
this work addresses the question what happens if the complete intersection hypothesis is 
dropped, i.e., if, in the physicist's terminology, J is a first class reducible constraint. A 
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prominent example, where this happens is given by the system of one particle of zero angu- 
lar momentum in dimension > 3. The original suggestion of Batalin, Fradkin and Vilkovisky 
[3 [ini El [8] was to adjoin successively higher antighost variables, in order to kill the homol- 
ogy degree by degree. In this way one acquires a resolution of the C°°(M)-module C°°{Z), 
which shares important structural properties with the Koszul complex. It was noted by J. 
Stasheff [95J that this adjunction process already appeared in a work of J. Tate from 1957 
|97] . Following the customs of mathematical physics, we shall call these infinite resolutions 
Koszul-Tate resolutions. The essential structural properties of Koszul- Tate resolution seem 
to be that 1.) it is a (semifree) super-commutative differential graded algebra resolution of 
C°°{Z) and 2.) this algebra structure is part of a super-commutative, super-cocommutative 
C°°(M)-bialgebra structure. The Koszul complex over a moment map is, due to the equivari- 
ance, naturally a g-module. It is not known to the author, whether a Koszul-Tate resolution 
may have an analogous feature. The next step in the BFV-construction is to adjoin ghost 
variables, which are dual to the antighosts, and to extend, by using dual pairing, the original 
Poisson bracket on the base manifold to acquire a Z-graded super Poisson bracket. The 
main theorem of classical BFV-reduction [95] is that this Poisson algebra possesses a homo- 
logical Hamiltonian vector field, the so-called BRST- differential, which is a perturbation of 
the Koszul-Tate differential. This differential depends on the Poisson structure of the base 
manifold and is not C°°(M)-linear. The associated Hamilton function, is called the BRST- 
charge. As a consequence, one obtains a differential graded Poisson algebra, the so-called 
i^iJST-algebra, whose zeroth cohomology is isomorphic to the singular reduced Poisson al- 
gebra. The whole construction is done in a purely formal manner, i.e., it does not make 
use of any particular feature of the Koszul-Tate resolution. At this point we would like 
to mention that the Koszul- Tate-resolution is linked to the singularity theory of constraint 
surface (e.g. to the homotopy Lie algebra of the constraint). In particular, the number of 
antighosts (aka Tate generators) is bounded from below by certain homological invariants 
of the ring, the so-called deviations. There is an important theorem of Halperin [57j (which 
appears to be unmentioned in the physics literature), which essentially says that if any of the 
deviations vanish the variety in question has to be a complete intersection. This means that 
in essentially all cases which force us to introduce anitghosts of higher level the adjunction 
procedure will not terminate. 

In the following we will see that the BFV-construction can also be done in the vector 
bundle setting. Actually, this appears to be a new result already for the case of projective 
Koszul resolutions. In fact, the passage from free to projective Koszul-Tate resolutions (being 
defined in Section 13. 7p can be used to reduce the number of generators. This is illustrated 
by the special case of closed submanifolds, see Section [3^ However, the lower bounds given 
by the deviations, being of local nature, govern the construction in the projective case as 
well. In order to construct the BRST-algebra the first nontrivial task is to find a meaningful 
way how to adjoin to the Tate generators (=antighosts) momenta (=ghosts). This will be 
explained in Section 13. 3[ Besides, even though the necessity of a 'completion' is noticed in 
j64j we have not been able to find in the literature a clear definition of the BRST-algebra as 
a space. The next step is to make the BRST-algebra into a Z-graded super- Poisson algebra. 
It has been shown by M.Rothstein [87] that one can lift a symplectic Poisson structure from 
a manifold M to a super-Poisson structure on a Grafimann-algebra bundle over M. From 
this explicit formula it is easy to guess a formula for the Z-graded super-Poisson bracket we 
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are looking for. In order to prove that this Rothstein-bracket is actually a Z-graded super- 
Poisson bracket it is most comfortable to work with the Schouten-algebra over the BRST- 
algebra and to use the derived bracket construction of Koszul and Kosmann-Schwarzbach 
(this construction will be recalled in Section 13.21) . Actually, this computation, which is 
done in Section 13.4.11 does also apply if the base manifold is a genuine Poisson manifold. 
Unfortunately, it is well-defined merely in the case of finitely many Tate generators. The 
point is that neither geometric nor the algebraic part of the bracket is a genuine bivector field 
(this problem is also present in the free version of the theory). The way out is to consider 
a slightly bigger Gerstenhaber algebra which we call the algebra of multiderivations, which 
contains the Schouten-algebra of polyvector fields as a subalgebra (see Section 13.21) and to 
view the Rothstein-Poisson bracket as a derived bracket for this bigger algebra. In Section 
13.4.21 we try to convince the reader that the Rothstein bracket is a super- Poisson bracket 
also in the infinitely generated case. Admittedly, the argument is still merely heuristics. 
Next, we show that the 'Existence of Charge'-theorem holds also in the projective setup 
(see Theorem 13.8.11) . This will be done by refining the argument of Kimura [M] (which 
has been a refinement of the argument of Stasheff [^95J by itself). In fact, we need not only 
approximations to the Tate-differential, but also approximations to the Rothstein bracket. 
Next we show that for linear Hamiltonian group actions we find a locally finite Koszul- Tate 
resolution together with continuous contracting homotopies (see Theorem I3.7.ip . Using the 
homological perturbation theory techniques of appendix I A . 1 1 we show that the BRST- algebra 
contracts to a complex which we call the vertical complex, which generalizes the Lie algebra 
cohomology complex of the g- module C°°{Z). In this way, the vertical cohomology aquires 
the structure of a Z-graded super-Poisson algebra. 

The question of uniqueness of the BRST-algebra (the vertical complex, respectively) has 
yet to be settled (we conjecture that it is unique up to Poo-Quasiisomorphism in the sense 
of [3T].) Moreover, in the special case of a projective Koszul resolution there are alternative 
constructions of a Z-graded Poisson structure on the vertical complex, one being the derived 
bracket of Theorem 13.2.21 the other the Poo-structure of [31] , the relations still have to be 
clarified. To the authors knowledge, up to now, there have been no notable attempts to find 
a quantization of the BRST-charge in the reducible (aka non-complete intersection) situation 
(a possible way could be to proceed along the lines of [31]). The main reason seems to be that 
the nature of the ghost and antighost variables is not well enough understood. In particular, 
in the reducible(=noncomplete intersection) case, the author does not know of any interesting 
example for which the vertical cohomology, has been computed. Another important open 
question is, whether the formality theorem for super-manifolds [31] generalizes to the above 
setup. 

How to read this paper. We suggest that the reader takes first of all a look on the 
material of appendix lA.ll since the techniques explained there will be used at several places. 
If the reader is primarily interested in the complete intersection case, then he or she may 
skip all sections of chapter [3], except the Sections 13.51 and I3.10[ This reading strategy might 
also be useful for the first time reading, if the reader is not familiar with the concepts 
discussed here. In Section 13.101 and Chapter H] we use a slightly different super-Poisson 
structure than in the sections before. This causes the traditional (but somehow unaesthetic) 
factor of 2 in the decomposition of the BRST differential T> = 2d + 5. For readers who 
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dislike this factor of 2 there is an easy way to get rid of it: halve the odd part of the 
BRST-Poisson structure (equation (Km ) and replace 9 = J2abc /ab^'^^^c + Ea J^^" ^it^ 
~\Yliahc fab^'^^'^^c + Ylia'^o.i"'- Aualogously, cauccl the 2 in the exponent of formula (14.10 
and replace 9 := -\ f^, i^'ic + Y.aJai''+'^ Y.a,b fL T with -i Ea,v f^t ^e^c + 
-^aC + f J2a b fab^""- We assuuie that the reader is familiar with the basics of differential 
geometry and homological algebra. In particular, we tacitely assume some familiarity with 
the cohomology of Lie algebras and the Theorem of Serre and Swan. The letter IK will stand 
for the field of real numbers R or the field of complex numbers C 
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Chapter 2 

Preparatory material 



2.1 Hamiltonian reduction 

In this section we recall basic notions of classical Hamiltonian mechanics. We will exhibit a 
list of examples of (mostly singular) moment maps, which will serve as an illustration to the 
methods presented in the course this work. We will recall and compare two different notions 
of singular reduction: universal reduction and Dirac reduction. We will present the toolbox 
of Arms, Gotay and Jennings [3] in order to investigate the C°°-algebraic geometry of the 
singular moment maps from our list. 

2.1.1 Hamiltonian group actions 

In order to fix notation and sign conventions, let us recall the some basic notions from 
Hamiltonian mechanics. Even though a considerable part of this work applies only for 
symplectic manifolds, let us talk for the moment, more generally, about Poisson manifolds. 
A Poisson manifold is a manifold M, which carries a Poisson tensor H G r°°(M, A^TM). 
This Poisson tensor has to satisfy the following first order differential equation 

[H,H]=0, (2.1) 

where the bracket [, ] : r°°(M, A^TM) x T°°{M,A^TM) r°°(M, A^+^-^TM) is the 
Schouten-Nijenhuis bracket. Using local coordinates x^, . . . , x" we write H = ^ n*''^ A 
^ and rewrite equation (12.11) as 

O O C) 

V ( H™^— HJ'^ + H^'^^H'^* + n^"'^—ir^) = 0. (2.2) 
^ V (9x™ dx'^ (9x™ / 

m 

From the Poisson tensor we derive a Poisson bracket { , }. This is a bilinear antisymmetric 
map C°°{M) X C°^(M) C°°(M). For the definition we again use the Schouten-Nijenhuis 
bracket 

{f,g}:=-mj],g], (2.3) 
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where f,g& C°°(M). In local cordinates the Poisson bracket is given by 



{f,9} '^'^^{g^iQ^j dxiQxj)- ^'^■^^ 

Kj 

As an easy consequence of the Gerstenhaber algebra identities for [ , ] the bracket { , } 
satisfies Leibniz rule in every argument. Equation ( ]2.ip implies that { , } satisfies Jacobi 
identity and vice versa. Summerizing, we say that (C°°(M), - , { , }) satisfies the axioms of a 
Poisson algebra, i.e., it is a commutative algebra with a bilinear composition { , } such that 

1. {f,9} = -{9J}, 

2. {f,9h} = {f,g}h + g{f,h}, 

3. {/, {9, h}} + {g, {h, /}} + {h, {/, g}} = 

for all f,g,h G C°°(M). Given such a Poisson algebra the center of the Lie algebra 
(C°°(M), { }) is called the space of Casimir functions, or, for short, of Casimirs. The space of 
Casimir functions will be denoted by H|^(M). Using the Poisson structure one may associate 
to every function / G C°°(M) a vector field 

Xj:=-[U,f] = {f, }, (2.5) 

which is called the Hamiltonian vector field associated to /. If X = Xf then /, which 
is unique up to a Casimir, is sometimes called a Hamiltonian function for X. An easy 
computation yields, that this assignment is actually a morphism of Lie algebras, i.e., we 
have 



[Xf.X,]=Xy,,^ (2.6) 

for all f,g & C°°(M). Hamiltonian vector fields commute with the Poisson bivector field. 
Vector fields X with this property, i.e., [X, H] = 0, are called Poisson vector fields. They are 
infinitisemal versions of Poisson diffeomorphism. A Poisson diffeomorphism $ of a Poisson 
manifold is a diffeomorphism, whose puUback $* is an automorphism of the Lie algebra 
(C-(M),{, }). 

Symplectic manifolds constitute an important subclass of the class of Poisson manifolds. 
They arise if the Poisson tensor is everywhere nondegenerate. The inverse of the Poisson 
tensor is the symplectic form lv G f2^(M), which is nondegenerate and is uniquely determined 
by the requirement 

i{Xf) u = df V/ G C°^(M). (2.7) 

Equation fl2.ll) is equivalent to uj being closed. Since uj is nondegenerate the dimension of 
M has to be even. 

Examples of noncompact symplectic manifolds are provided by the cotangent bundle T*N 
of an arbitrary smooth manifold N. Using coordinates g^, . . . , g" for there is a canonical 
frame dq^, . . . , dq"' for T*N. The bundle coordinates with respect to this frame provide the 
canonical coordinates q^, . . . , q^,pi, ■ ■ ■ ,Pn for T*N. The symplectic form u = —dO^ on T*N 
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is given (up to a sign) by the exterior differential of the canonical one form, which is given 
in canonical coordinates by 9o = YliiVi dq^- 

In many examples, the symplectic manifold (M, uj) carries in addition an almost complex 
structure / G r°° (M, End TM), P = — id, which is compatible with u, i.e., 

g{X,Y) ■.= u{X,IY) (2.8) 

defines a Riemannian metric on M, where X,Y & r°°(M, TM). In this case M is called an 
almost Kdhler manifold. If the complex structure is integrable, i.e. [/, I]rn = 0, where [, ]rn 
denotes the Richardson-Nijenhuis bracket, M is called a Kdhler manifold. In particular, if M 
is Kahler, it follows from the Newlander-Nirenberg theorem, that M is a complex manifold 
and I coincides with the standard complex structure. Typical examples of Kahler manifolds 
are the affine space (C",ci;) and the complex projective space (CP", cufs)- More precisely, 
the standard Kahler structure on C" is given by u = J2i ^ ^^i- The Fubini-Study 
form ujfs on CP"" is given as follows. Let vr : C""*"^ — {0} — CP" be the standard projection 
and let Z = (Zq, . . . , Z„) : CP" ^ C"+^ - {0} be a holomorphic lift for vr, i.e. n Z = id. 
Then 

does not depend on the choice of Z and defines an {U{n + l)-invariant) Kahler structure on 
CP". 

The most basic examples of Poisson manifolds which are not symplectic are the constant 
and the linear Poisson structures. Linear Poisson structures arise as follows. The phase space 
M = 1)* is the linear dual space of a finite dimensional real Lie algebra (). The Lie bracket 
[, ] can be naturally interpreted as a linear bivector field 11 G r°°(M, A^TM). Equation (12. ip 
is equivalent to the Jacobi identity for [ , ]. More specifically, if we use a basis e^, . . . , e" of 
I)* in order to write x = Yl^^^i ^i^' e 1)*, then 11 = i Z]"j,fc=i fij A Here, denote 

the structure constants of the Lie algebra f). It is well known that the symplectic leaves of 
I)* are precisely the orbits under the coadjoint action of H (a connected Lie goup with Lie 
algebra f)) on f)* (see e.g. [lOH section 3.1]). 

A (left) action $ of a Lie group G on a manifold M is a group homomorphism from 
G to the diffeomorphism group of M. We will assume that this group action is effective, 
i.e. the aforementioned group homomorphism is injective. The action of an element g of G 
on a point m & M will be written m i— > g.m := $g(m). An action of the Lie group G on 
M induces a morphism of Lie algebras from the Lie algebra g of G into the Lie algebra of 
r°°(M,TM) vector fields of M 

Q ^ r°°(M,TM), X ^ XM{m) := ^ _ <l>exp(-tx)(m). 

The image Xm of a vector X G is called the fundamental vector field associated to X. 
If M is a Poisson manifold, then we are interested in group actions preserving the Poisson 
structure, i.e. acting by Poisson diffeomorphisms. Here, most useful is the situation where 
the fundamental vector fields of the action are given by Hamiltonian vector fields, such that 
the Hamiltonian functions can be chosen in a coherent way. 
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Definition 2.1.1. An action of a Lie group G on a Poisson manifold M is called a Hamil- 
tonian action with an moment map J : M — g* if the following conditions are true: 

1. = for all ^ eg. 

2. J is equivariant (here G acts on g* via the coadjoint action). 

Here J(^) denotes the function, which is obtained by evaluating J on C, € 0- 

In tlie same way, if we are given merely a g-action on M, i.e. a morpliism of Lie algebras 
g — > r°°(M, TM), we say that this action is Hamiltonian, if the two conditions above are 
true (clearly, in 2. we have to replace G-equivariance by g-equivariance). At this point, let 
us stipulate that, unless otherwise stated, for a Hamiltonian action as above 

the Lie group G will be assumed to be connected 

and, hence, there is no need to distinguish between g- and G-equi variance. For our purposes 
the most useful form of the equivariance property is 

{J{O.Jiv)} = Ji[^,v]) Ve,r^G0. (2.9) 

This means, that J may equally well be considered as a Lie algebra morphism from g to 
the Lie algebra (C°°(M),{ , }). Note that a moment map is a Poisson morphism from 
M to g*, where g* is endowed with the linear Poisson structure. For a proof of this fact 
and of equation (12. 9p see e.g. [1011 Proposition 7.30]. Obviously, we have the freedom to 
add to J a Casimir function, which vanishes on [g,g], or, in other words, a Lie algebra 
1-cocyle from Z^(g,Hn(M)). An example of such a cocycle is given by the trace form 

xiO ■= |trace(ad(0). 

Given a Poisson action of a Lie group G on a Poisson manifold M, there are some 
obstructions for the existence of a moment map (see e.g. [28l Part III, section 7]). For 
instance, if M is symplectic it is sufficient that H^(g, R) = = H^(g, R), or that M is 
compact and H^^(M, R) = 0, for a moment map to exist. Another class of examples of 
Hamiltonian actions is provided by cotangent lifted actions, which arise as follows. Every 
diffeomorphism (f : N ^ N of the base manifold N can be lifted to a diffeomorphism of the 
cotangent bundle T*(f : T*N — ^ T*N. In local coordinates coordinates this cotangent lift 
of ip is given by T*ip : (g^, . . . ,q"-,pi, . . .pn) ^ {Q^, ■ ■ ■ , Q", Pi, ■ ■ ■ , Pn), where is the ith 
component of (p{q^, . . . , . . and Pi = ^"-^i- Since such cotangent lifts (which 

are also known as point transformations) preserve the canonical one-form {T*ip)*6o = Oq, they 
are in fact Poisson diffeomorphism. They obey the composition rule T*{(f oip) = T*il) o T*(f. 
Accordingly, a left action $ : G x iV — of the Lie group G induces g ^ T*$g-i a 
left action of G on T*N by Poisson diffeomorphisms, the so-called cotangent lifted action. 
Note that according to our definition the Poisson bracket on the cotangent bundle writes 
{f^d} = §f§^ ~ W§p^' ^^^^ t™6S the physicist's convention. 

Proposition 2.1.2. Any cotangent lifted G- action is Hamiltonian. In the notation as above, 
a moment map J : r*A^ — > g* is provided in canonical coordinates {q, p) = (g\ . . . , q"',pi . . . ,Pn) 
by the formula 

J{0iq,p) = -J2P'i^Niq), (2.10) 

i 

where = J2i ^he fundamental vector field for the action ^ E g on N . 
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Proof. See [H p.282-283]. 



□ 



A symmetry can be used to reduce the number of degrees of freedom of the phase space 
by taking only "gauge invariant quantities" into account. In Hamiltonian mechanics this 
idea involves a two step procedure, which is illustrated by the following reduction theorem, 
attributed to Marsden and Weinstein [73] and Meyer [77]. 

Theorem 2.1.3 (Regular point reduction). Let M be a symplectic manifold with a proper 
free Hamiltonian action of a Lie group G with moment map J : M ^ q* . Let fi E Q* 
be a regular value of J and the isotropy group of fi. Then the reduced space := 
J~^{fi)/G^ is a symplectic manifold with symplectic form u^, which is uniquely determined 
by the requirement rr^uj^ = i*^uj. Here vr^ and i^ 

M 

are the obvious projection and injection, repsectively. 

Proof. See e.g. [H p.299-300]. □ 




There are numerous generalizations and versions of this theorem. For instance, there is 
a generalization to Poisson manifolds jlOll Theorem 7.31]. Instead of taking n one may take 
the preimage of a whole coadjoint orbit J^^((9^) and divide out by the action of G. This 
approach is called orbit reduction, which is a special case of coisotropic reduction. Regular 
orbit and point reduction essentially coincide ^3l chapter II, section 26]. If one drops the 
freeness assumption, the reduced space will be a symplectic orbifold. For an intelligible 
treatment of this issue the reader may consult |34j . 

In the following we shall address the case, when the regularity assumption is dropped. 
Even though the set of regular values is generic, the singular values /i G g* are particularly 
interesting. One of the reasons is that the points in the /z-fibre J~^{fi) tend to have larger 
isotropy groups. Since we will use the BRST-method, we are forced to treat merely the case 
of reduction at G 0*. If G is abelian this does not cause a restriction at all, since we are 
free to add a constant /x G g* to J. For nonabelian G one has to use the shifting trick, i.e. 
adjoin a coadjoint orbit 0^. For the shifting trick in singular reduction we refer to [33] . 

We close this section by giving a list of examples of moment maps, which we will fre- 
quently refer to in the course of this work. Note that for all of these examples, except 
Examples [3] and [TT], zero is a singular value. Furthermore, in all examples, except Example 
m the group G is connected. The elementary Examples [Tpi and [3] and the physically in- 
teresting Example [5] will serve to illustrate the limitations of the methods presented in this 
article. Example H] will be important in connection with the normal form theorem. Theorem 
I2.1.9[ The remaining examples will turn out as instances, where our ultimate goal, i.e., a 
quantum phase space reduction will be achieved. 

Example 1 (Harmonic oscillator). Consider the = ]R/27rZ-action on C given by (-(9, z) 
e'^^'^^. The moment map for this action is J{z) = which has as the only critical 

value. 
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Example 2 (Free particle on the line). Here the phase space is T*]R = R^. The R-action 
which is generated by the kinetic energy of the free particle J{q,p) = is given by {q,p) ^ 
{q + tp,p). 

Example 3 (Cotangent lift of an irrational flow on T^). Let M := T*T^ be the cotangent 
bundle of the 2-torus = {R/27cZ)'^. An element t G R acts on by the formula 
('(9i,'t?2) ^ (t?i + ^ntj-di + a27it), where the slope parameter a G R\(Q is irrational. Every 
orbit of this R-action is dense. A moment map for the cotangent lifted R-action on T*T^ is 
given by J{^i^2,Pi,P2) = 27r(pi + ap2). 

Example 4 (Standard example). Let M := with its standard Kahler structure. Let G 
be any subgroup of the unitary group U (n). We identify the Lie algebra u(?7,) with the space 
of skew hermitian matrices ^ = ^ij = —^ji- The moment map for the action is given 
by the formula 

for ^ = (C^ij) G C u{n). Using real coordinates Zi = Xi + \J —\yi we obtain 

J(0 = ^ {Aij{xiyj - XjVi) + SijixiVj + xjyi)), (2.12) 
hi 

where Aij = —Aji and 5',^ = Sji are the real and imaginary part of respectively. In all 
cases, except the trivial case when G is discrete, zero is a singular value of J. 

Example 5 (One particle in dimension n with zero angular momentum). Let M := T*R" 
be the cotangent bundle of the euclidean space R" together with the cotangent lift of the 
obvious ^(^(ra, R)-action on R". Let us write the canonical ccordinates q = {q^,...,q'^y 
and p = {pi, . . . iPnY in column vector form. The cotangent lifted action is just the diagonal 
5'0(n)-action on T*R" = R"- x R"- ,i.e., an orthogonal matrix O G SO{n) acts according to 
{QiP) ^ {Oq,Op). Using the euclidian scalar product <, > on R" we identify A^R" and 
so{n) by letting uAv G A^R" act on w; G R" according to {uAv)w :=< u,w > v— < v,w > u. 
Using the invariant, positive definite scalar product ( , ) on so(n), {A,B) := —^tT{AB), we 
identify so{n) and so{n)*. With these identifications understood the moment map, the 
so-called 'angular momentum', writes 

J : T*R" ^so(n)* ^ A^R'^, iq,p)^qAp. (2.13) 

Of course, by identifying the cotangent lifted action on T*R"' with the compexified SO{n)- 
action on C" this example can be viewed as a special case of the preceding Example |H For 
completeness, let us mention the physically important special case n = 3. Here, accidentally 
R^ and so (3) are isomorphic vector spaces. More specifically, the linear isomorphism 

/ -V3 V2 
{vi,V2,Vs) ^ \ V3 -Vl 
\ -V2 Vl 

is in fact an isomorphism of metric Lie algebras (5o(3), [,],(,)) and (R^, x, <, >), where 
X is the well known vector product. The angular momentum now is the R^- valued function 

J{.q.p) = qy<p- 
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Example 6 (Zero angular momentum for m particles in the plane). We consider the system 
of m particles in with zero total angular momentum. More precisely, the phase space is 
M := (r*R2)"i and we let SO{2, R) ^ act on it by lifting the diagonal action, i.e., 

^0(2) xM ^ M 

where Qi = {qj, q'fY and = {p\,piy for i = 1, . . . , m. The moment map J : M ^ 5o(2)* = 
R is given by J{q,p) = Y^Zi QiPl - QiPi- 

Example 7 (The 'lemon'). Let 5"^ = R/27rZ act on the product M := CP^ x CP^ according 
to the formula 

((^1 : Z2), {zs : z,)) ^ (^{e^'^ z^ : e-^'^ z^), (e^^^s : e-^^^4)) ■ 

The fix points of this action are ((1 : 0), (1 : 0)), ((0 : 1), (0 : 1)), ((1 : 0), (0 : 1)) and 
((0 : 1), (1 : 0)). A moment map for this action is 

J{{zi : Z2), {Z3 : Z4)) = - I , I ^2 + I ^2 I I ^2 • 

The critical set of J constists of the points —1, and 1. 

Example 8 ((l,l,-l,-l)-resonance). Consider the 5'^-action on C^, endowed with the stan- 
dard Kahler structure, given by (-Zi, ^2, -^3, -^4) (e^^'^ ^1, e^^'^ ^2, ^3, e~^^'^ ^4). 
The moment map for the action is 

-^(-^1,-^2,-^3,-^4) = ^(l^ll^ + 1^2!^ - 1^3^ - 1^4^)- 

Example 9 (A T^-action on C^). The action of = (R/27rZ)2 on is given by, 
((^1, ^2), {zu Z2, ^3, ^4)) ^ (e^Mi+/^'^^) ^1, e-^'^^ Z2, e^'^i Z3, e"^"^^ z,) 
for a, /3 e A moment map for the action is 

J: R^ J{zx,Z2,Z3,Zi) := ~{a\zi\'^ ^ \z3\'^ , (3\zi\^ - \z2\^ ^ \z^\^) . 

Example 10 (Commuting varieties). Let S the space of symmetric n x n-matrices with real 
entries. We let SO{n) act on 5" by conjugation and we lift this action to an action of SO{n) 
on the cotangent bundle T*S — S x S. This action is Hamiltonian with the moment map 

J:SxS A^K" = so{ny 
{Q,P) ^ [Q,P]. 

Example 11 (Linear Poisson structures). Consider M := [)* the dual space of an n- 
dimensional R-Lie algebra i) with Poisson linear structure, i.e., 

1 d d 

n(x„...,x„) = -5]4x. — A— , 
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where the hnear coordinates with respect to a chosen basis e^, . . . , e" of P)* and 

/jj- =< e'^, [cj, Cj] > are the structure constants with respect to the dual basis ei, . . . , of 
[). Given a Lie subalgebra g of () we obtain an f)-action on M by restricting the coadjoint tr- 
action on M to g. For any connected Lie group G with Lie algebra g this g-action integrates 
to a Hamiltonian G-action on M. The moment map for this action is given by restriction 
J : M = I)* ^ g*, a a^g. 

2.1.2 Universal reduction 

Contrary to the regular case, in the case when zero is a singular value of the moment map, 
there are several possible approaches to phase space reduction (see e.g. [STJ [HH [3], [58]). In 
the beginning of the nineties, the attempts to find the most 'correct' reduction procedure 
lead to the notion of universal reduction of Arms, Cushman and Gotay [2J , who noticed that 
C°°(M)*^//f is a good candidate for the reduced Poisson algebra. Here we shall present a 
(slightly different) version C°°(M)s//| of this algebra, where we have replaced G-invariance 
by g-invariance. Due to our overall assumption that G is connected, this will make no 
difference for us. Universal reduction does not make the other aproaches - in particular 
Dirac reduction - obsolete, but serves rather as a benchmark. 

Theorem 2.1.4. The space of invariant functions 

C°°(M)0 C C°°(M) 

is a Poisson subalgebra, which contains the ideal of invariant functions vanishing on Z 

il:={feC°^iMr\fiz) = oyzeZ} 

as a Poisson ideal. Hence the quotient C°°(M)s//| is in a natural way a Poisson algebra. 
More precisely, if f and g G C°°{M)^ are representatives of [f] and [g] G C°°(M)0//|, 
respectively, then the Poisson bracket is defined as 

{[fl[9]}--= [{f\9}]- 

If M is a symplectic manifold and the action of G on M is proper, then this Poisson structure 
is nondegenerate, i.e., there are no nontrivial Casimirs. 

Proof. Since ^ E g acts on C°°{M) via {J(0, }, the claim that C°°(M)9 C C°°(M) is a 
Poisson subalgebra follows immediately from the Jacobi identity and the Leibniz rule for 
{ , }. Let / be in C°°(M)0. This means, that 

{J(X),/} = VXGg. 

Hence, for all X G g the function J{X) is constant along the integral curve of Xf. In 
particular, we conclude that the set Z = J^^(O) is stable under the local flow of Xf. Now, 
let z E Z and 7 :] — e, e[— Z G M he an intergral curve for Xf such that 7(0) = z. It follows 
that for every g E Iz have 

= ^, gm) = {f,g}{z). 
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This implies that /| C C°°{M)^ is a Poisson ideaL A proof for the nondegeneracy of the 
reduced Poisson structure can be found in [21 section 3]. □ 

The universal reduction may be interpreted geometrically as follows. We have the com- 
mutative diagram 

Z = J-\0)^ 

M,ed = Z/G M/G. 

Since G g* may be a singular value of J, the zero fibre Z is no longer a submanifold, but, 
let us say at least, a closed subset of M. The (not necessarily free) action of G on Z and on 
M yield quotient spaces which are singular. The map io associates to every orbit in Z the 
corresponding orbit in M. It may be shown to be a homoemorphism onto its image. If the 
action of G on M is not too pathological (e.g. if it is proper), then the space of invariant 
functions C°°{M)^ = C°°(M)0 is a good substitute for the space of functions on M/G. The 
ideal of invariant functions /f vanishing on Z then may be thought of as the defining ideal 
of the "subvariety" Mred of M/ G. The above theorem says that io is an embedding of the 
Poisson "variety" Mred into the Poisson "variety" M/G. Note, that there are some subtleties 
in case the image of io is not closed. 

It is easy to give examples of nonproper Hamiltonian group actions, for which the space of 
invariant functions is too small to give a meaningful description of the quotient spaces M/ G 
and Z/G, respectively. For instance, one may consider the cotangent lift of an irrational 
torus. Example [31 Here for any value of the moment map the reduced space is Mred = 
(TVH) X R and, since the orbit of the R-action is dense, the reduced algebra is identified 
with C°°(]R) with the trivial Poisson structure. The great advantage of universal reduction is 
that it is always applicable and gives sensible results for proper Hamiltonian group actions. 

For symplectic manifolds with a Hamiltonian action of a compact Lie group the nature of 
the singular geometry of the reduced space Mred has been clarified by the important singular 
reduction theorem of Sjamaar and Lerman [93]- 

Theorem 2.1.5 (Sjamaar/Lerman). Let (M, u) be a symplectic manifold andG be a compact 
Lie group acting on M in a Hamiltonian fashion with moment map J : M —>■ g* and let 
Z = J^^{0). Then for every subgroup H G G the intersection M(^h) H Z and the quotient 
space 

(Mred)(H) := {M(^H)r]Z)/G, 

are manifolds. Here M^h) is the set of points in M whose isotropy group is conjugate to H . 
There exists a unique symplectic form uj{h) on (Mred){_H") such that the pullback of uj(h) to 
M(^H) n Z coincides with the restriction of uo. The disjoint union over the conjugacy classes 
{H) of subgroups H C G 

Mred = II(Mred)(/f) 

is in fact a symplectic stratification. Here the set of conjugacy classes is understood to 
be ordered by reverse subconjugacy. The Poisson algebra of smooth functions on Mred is 
isomorphic to the Poisson algebra obtained by universal reduction C°°(M)*^//f^. 
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For a detailed discussion of symplectic stratifications we refer to [93l [7lj and the mono- 
graphs [83l [81] . Note that in the orbit type decompositions as above we allow the pieces to 
have components of different dimension. Furthermore, let us mention that the symplectic 
pieces (Mj.ed)(H) can also be obtained by regular Marsden-Weinstein reduction with respect 
to the Hamiltonian action of a, in general smaller, Lie group. Theorem 12.1.51 has been 
generalized to singular orbit reduction of proper Hamiltonian Lie group actions [11] . 

Let us look at our list of examples in the light of Thereom l2.1.5[ In the case of one particle 
of angular momentum zero in dimension n > 2, Example O it is well known that the reduced 
phase space is the symplectic orbifold 11^/^2, where acts on by (xi, X2) ^ {—xi, — X2). 
The first systematic treatment of this example, appears to be [51]. For the commuting 
variety. Example [TOl the reduced space has been identified in [71] as the symplectic orbifold 
R" X ]R"'/S'n, where the symmetric group Sn is understood to act diagonally. Example [7] (the 
'lemon') has been discussed at length in [33]. Accordingly, the reduced spaces at the singular 
values ±1 are points. The reduced spaces for regular values of J in the open intervals ] — 1, 0[ 
and ]0, 1[ are CP^. Finally, the reduced space at singular value (being homeomorphic to 
CP^) is in fact a symplectic orbifold, which can be pictured as two copies of a quadratic half- 
cone in being glued together (whence the name). An example of a singular momentum 
map whose reduced space is not an orbifold is provided by the (1, 1, —1, — l)-resonance. 
Example [8], which has been discussed in [33l Example 2.4]. As a result the reduced space is 
a real cone over the fibred product x 51 S"^, where S"^ acts on the first half 5*^ C by 
{zi,Z2) I— >■ {e^^"^ Zi,e^^^ Z2) and on the second half by (-23,2:4) i— > {e~^^^ z^^e'^^"^ Z4). 
In [33] it has been argued that this reduced space is not a rational homology manifold, and 
hence no orbifold. 

Even though we will make no use of it, let us briefly explain how invariant theory can 
be utilized to describe the geometry of singular reduced spaces. Here, we have to restrict 
to the case of a linear Hamiltonian action of the compact (for the moment, not necessarily 
connected) Lie group G on a symplectic vector space M = R^". This is not a severe 
restriction since, due to a theorem of Gotay and TujTiman [52] , every symplectic Hamiltonian 
G-manifold with finitely generated homology can be equivariantly obtained by phase space 
reduction from flat space. The algebra of G-invariant real polynomials on M is finitely 
generated. A system ai,...,ak generators for this algebra is called a real Hilbert basis. 
According to [91j di,. . . ,ak generate the algebra of smooth invariant functions C°°(M)'^. 
The Hilbert map 

a = ((Ti, . . . , (Tfc) : M = R2" ^ R^ Mm), . . . , ^^(m)) 

seperates G-orbits, and hence gives rise to an injective map a : M/G — > R*^. Being the 
image of a real polynomial map the image of a is a semi-algebraic set as a consequence of 
the Tarski-Seidenberg theorem. For a comparison of the associated Whitney stratification 
and the orbit type stratification see [T^l [S3] • Furthermore, it can be shown that the map a 
is proper and the pullback a* : C°°(R'^) — > C°°{M) is a split surjective map of Frechet spaces 
[75] . In many cases (but not all, see [H]) there is a Poisson structure on R*^, such that a* is 
a Poisson algebra morphism. Real Hilbert bases are known for essentially all linear examples 
from our list. In [^ section 5] we find a formula for the real Hilbert basis of a general linear 
Hamiltonian circle action. For a real Hilbert basis for Example [9] see [H Example 7.7], and 
for a real Hilbert basis for Example [TOl see [711 p. 145]. Most favorable is the situation, when 
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the algebra of invariant polynomials is generated by quadratic polynomials. In this case the 
Hilbert map itself is a moment map of a Hamiltonian action of a certain Lie subgroup H of 
Sp{n, R). If, moreover, G and H form a reductive dual pair, i.e., G and H are reductive Lie 
subgroups of Sp{n, R) which centralize each other in Sp{n, R), then the orbit-reduced spaces 
for the G-action are bijectively mapped via a onto closures of coadjoint orbits in ()*. This 
map is compatible with the stratifications and Poisson structures in an appropriate sense 
(for details see [TH Theorem 4.4]). In particular, if H is semisimple, then the reduced space 
at zero M^^d = ^"^0)/^ is bijectively mapped onto the closure of a nilpotent coadjoint 
orbit in f)*. An important example of a reductive dual pair is 0{d), Sp{m, R) C Sp{md, R), 
which corresponds to total angular momentum of m particles in dimension d, and which 
generalizes Examples [5] and [6] (for more details see [U, section 5]). It is indicated in [5^ . 
that the S'^-action of Example [8] is linked to the Kepler problem via the reductive dual pair 
U{1),SU{2,2) C Sp{A, R). 

2.1.3 Dirac reduction 

There is a second notion of algebraic phase space reduction, which goes back to works of Dirac 
|37j . and considerably predates the universal reduction. In the following we will exclusively 
be concerned with the Dirac reduction in its most simple form, i.e., the first class formalism. 
Let us recall the requisite terminology. 

Let Z be a closed subset of M. The vanishing ideal of Z is defined to be 

Iz:={f eC'^{M)\f{z) = o yzez}. 

A function on Z is called smooth if it arises as a restriction of a smooth function on M. The 
space of smooth functions on Z is denoted by C°°{Z). Sometimes C°°{Z) is also calUed the 
space of Whitney smooth functions on Z - not to be confused with the Whitney functions. 
Clearly, the restriction map res : C°°{M) C°°{Z) is onto, and a morphism of K-algebras. 
The kernel of res being Iz, we obtain a short exact sequence 

O^Iz^ C°°{M) ^ C°°{Z) 

of commutative K-algebras. 

Definition 2.1.6. Let Z be a closed subset of a Poisson manifold M. A smooth function 
f G C°°(M) is called a constraint if its restriction to Z vanishes, i.e., f & Iz- It is called 
first class if { f,Iz} C Iz, otherwise it is called second class. If Iz consists of first class 
functions, i.e., if it is a Poisson subalgebra ofC°°{M), then we call the ideal Iz coisotropic 
and Z first class. 

If Z is first class, then there is a canonical action of the Lie algebra Iz on C°°{Z) = 
C°^{M)/Iz. If F G C°°(M) is a representative of / G C°°(Z), i.e., / = res F, then h e Iz 
acts on / via h.f := res({/i, F}). For the space of invariants of this action we write C°°{Z)^^ . 
According to Dirac it is a Poisson algebra, and we call it the Dirac reduced algebra. 

Theorem 2.1.7 (Dirac reduction). Given a first class constraint set Z C M, then C°^{Zy^ 
carries a canonical Poisson bracket, which is given as follows. Let f,g e C°^{Zy^ and let F 
and G be smooth functions on M such that f = res F and g = res G. Then the bracket is 
given by {f,g} := res{F,G}. 
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Proof. The only thing we have to check is, that the bracket is well defined. Note, 
that if / = resF is invariant, then F has to be in the Lie normalizer N{Iz) := { /i G 
C°°(M) I {h,Iz,} C Iz } of the ideal Iz- By Jacobi's identity N{Iz) is a Lie subalgebra 
of C°°{M). Since Z is first class, it is in fact a Poisson subalgebra, which contains Iz 
as a Poisson ideal. In fact, if /, /i G C°°{Z)^^ are represented by resF = / = resF' and 
h = res if, then F-F' G Iz and it follows that ies{{F - F' , H}) = since H is in N{Iz). □ 

Of primary interest is, of course, the situation, when Z = J^^(O) is the zero fibre of 
an equivariant moment map J. If G g* is a regular value of J, then Z is a coisotropic 
submanifold of M, that is a first class constraint set. Unfortunately, for many singular 
moment maps of interest Z is not first class. An easy example of a moment map with a 
second class constraint set is the harmonic oscillator (example [1]). For this reason Dirac 
reduction is not called universal. At least for compact group actions it is quite obvious, that 
if Dirac reduction works both procedures give the same result. 

Proposition 2.1.8. Let M be a Poisson manifold with a Hamiltonian action of a compact, 
connected Lie group G with equivariant moment map J : M ^ g* , such that Z := J"^(0) is 
first class. Then the Dirac reduced algebra is isomorphic to the Poisson algebra obtained by 
universal reduction. 

Proof. It suffices to show that every smooth invariant function f on Z has an invariant 
representative F G C°°{M). But that can be easily obtained by averaging. □ 

2.1.4 Normal coordinates 

The basic requisite to make Dirac reduction a powerful tool is a good description of the 
vanishing ideal, e.g. by giving a set of generators. In [5] the authors developed techniques for 
deciding whether the components of a given moment map Ji, . . . , Jf are a set of generators 
for the ideal of the zero fibre Z = J~^(0). They rely on the following notion of normal 
coordinates for the moment map. 

Theorem 2.1.9 (Existence of normal coordinates). Let M be an almost Kdhler manifold 
of dimension 2n and let the Lie group G act properly on M by automorphisms. Moreover, 
let J be an equivariant moment map for this action, and z E Z := J~^(0). Let us choose a 
complementary subspace i) C g to the isotropy subalgebra 0z C g. We fix a basis vi, . . . ,Vd 
for gz and a basis wi, . . . ,We for i) and denote by v^, . . . ,v'^ and w^, . . . ,w'^ the corresponding 
dual basis for g* and f)*, respectively. Then there is a neighborhood U G M of z and a local 
coordinate system around z 

(f) := {x, y,s,t) = {xi, . . . , Xm, yi, ■ ■ ■ , ym, Si, ... , Se, ti, . . . , t^) : U R^", z\-^0, 

such that the following conditions are true. 

1. The subset M := Un(j)-^{{{x,y,0,0) G R^^^}) is a G z-invariant symplectic submanifold 
of U , which is called the linear reduced space. There is a representation Gz — > U{m) 
such that the coordinate map (x, y) : Ai ^ IR^™' intertwines the Gz actions. Here we 
think o/ R^™ provided with the standard Kdhler structure with standard U{m) -action 
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(see example^ . Accordingly, the moment map Jz for the Gz-action on M. is given by 
the formula: 

^ d m 

Jz{x, y) = -^J2Yl i^ai^iVj - ^m) + '^a'la^ii/i + ^m))^"^ (2-i4) 

a=l i,j=l 

where Aa = [A]^) and Sa = (•S'*-') are real antisymmetric (resp. symmetric) m x m- 
matrices for a = 1, . . . ,d. 

2. The restriction of J to U is given by the formula: 

e 

Jix,y,s,t) = Ad;^p(_^.^^,.^^) {Jz{x,y) + Y.sV). (2.15) 

a=l 

Here exp stands for the exponential map from g to G, and Ad^ denotes the coadjoint 
action of G on g* . 

3. Each of the sets {{x,y,s,t) \ x = Xo,y = yo, s = Sq} C U is contained in a single 
G-orbit. 

Such a coordinate system will be called normal coordinates centered at z & Z . If z' & 
AinZ , then there exists an analytic change of normal coordinates centered at z to coordinates 
centered at z' . 

Proof. See ^ p.62-65]. □ 

It is well known that every symplectic manifold M admits a compatible almost complex 
structure. For a proof of this fact see e.g. [T2j. If in addition a compact Lie group acts on 
M then this almost complex structure can be made equivariant by averaging over the Haar 
measure. Note, that in the examples [TjlHISll^llSlI^ and [TUl the moment map is already given in 
(global) normal coordinates around the fix point zero. 

2.1.5 The generating hypothesis 

In this subsection we shall explain the tools developed in [3] to decide, whether the compo- 
nents of a given moment map J : M —>■ q* generate the vanishing ideal Iz C C°°{M). In this 
case we will say for short that J satisfies the generating hypothesis. For completeness and 
better intelligibility let us mention the following criteria for the constraint set of a moment 
map to be first class [3l Proposition 5.2]. 

Theorem 2.1.10. Let M be a symplectic manifold with a Hamiltonian action of a compact 
Lie group G and let Z = J~^{0) be the zero fibre of the moment map J. Then the following 
statements are equivalent 

1. The spanning condition TzZ = kerT^J holds at every z E Z. 

2. Z is first class. 
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3. For every z & Z all polynomial constraints on the linear reduced space at z ( see Theorem 
\2.1.9\) are first class. 

Here the tangent space at z G Z is the hnear span of tangent vectors , which are obtained 
by taking the derivatives of smooth curves 7 : [0, e[— > Z, with 7(0) = z. Note that there are 
examples of noncompact group actions for which Theorem 12.1.101 is wrong. The spanning 
condition is quite a practical tool to sort out second class examples, like the harmonic 
oscillator. Moreover, the theorem says that the question of Z being a first class constraint set 
is actually a question of the local real algebraic geometry of the moment map. It is important 
to note that there are examples of moment maps with first class constraint set, which do not 
satisfy the generating hypothesis (see P, Example 7.13]). Another necessary criterion, which 
is even more easy to check, is the following nonpositivity condition [3l Proposition 6.7]. 

Proposition 2.1.11. // the spanning condition holds at z & Z , then J fulfills the following 
nonpositivity condition at z E Z : for every ^ E Q one has either 

1. J{C,) = in a neighborhood U G M of z, or 

2. in every neighborhood U d M of z the function J{^) takes strictly positive as well as 
strictly negative values. 

If G is a torus, then, due to the following theorem (see [3,, Theorem 6.8]), the nonpositivity 
condition is also sufficient for J to satisfy the generating hypothesis. 

Theorem 2.1.12. Let M be a symplectic manifold with a Hamiltonian action of a torus G, 
with moment map J : M ^ g* . Then J satisfies the generating hypothesis the spanning 
condition holds for all z E Z = J~^(0) -v^ the nonpositivity condition holds for all z E Z . 

Now we are ready to address the torus actions from our list of examples. As we already 
indicated the harmonic oscillator. Example [H does not satisfy the nonpositivity condition. 
The same is true for Example [7] (the 'lemon') at the singular values ±1. It is easy to see, that 
at the singular value the nonpositivity condition is fulfilled. Furthermore, the nonpositivity 
condition is clearly true for zero angular momentum for m particles in the plane. Example 
El and for the (1, 1, —1, — l)-resonance. Example El For the T^-action of Example M the 
nonpositivity condition holds iff a < 0. 

As the nonpositivity condition, in the case of nonabelian group actions, is only necessary 
for the ideal Iz C C°°(M) to be generated by Ji, . . . , Je, the reasoning here is usually more 
intricate. As a first step, one notices that it is enough to analyse the problem locally. In fact, 
with the assumptions of Theorem 12. 1 .91 the following statements are equivalent P, Corollary 
4.6] 

1. the components of the moment map J generate the vanishing ideal Iz C C°°(M) of Z 
in M, 

2. for every z E Z,in a. normal coordinate system around z the components of the moment 
map Jz (cf. equation fl2.14p ) generate the ideal -^jji(o) C C°°(A^) of the zero level set 
J7^(0) in the linear reduced space A4. 
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Of course, it is tempting to view the quadratic polynomial function as a polynomial in 
the polynomial ring ]R[xi, . . . , Xm, Vi, ■ ■ ■ , Vm], where m = ^ dimM + dimG^ — dimG. As a 
matter of fact, if Ipoi{Jz) C Ii[xi, . . . , Xm, Vi, ■ ■ ■ , Vm] denotes the ideal generated polynomial 
Jz then it follows from the proof of [21 Theorem 6.3] that if 

3. the ideal Ipoi{Jz) is a real ideal in the sense of real algebraic geometry, 

then the local generating hypothesis [21 above is true in z ,i.e., Jz generates the ideal -^j-i(o) 
C°°{A4). Let us recall that an ideal / in an R-algebra R is defined to be a real ideal, if it 
coincides with its real radical 

j 

\/l := {f e R \ f + Y,9! ^ I for some i,j and gi, ...^g^E R]. 

s=l 

li R = ]R[a;i, . . . ,Xk\ the real Nullstellensatz says that an ideal / C -R is real iff it coincides 
with the ideal Iv{i) = {f ^ R \ f\v{i) = 0} of its real locus V{I) = {(oi, . . . , a^) G R'^ | 
/(oi, . . . , Ofc) =0 V/ G /}. The real Nulstellensatz is not valid for ideals in the ring of 
smooth functions of some manifold. The full statement of [3], Theorem 6.3] is that for the 
above argument also the converse is true: the components of the moment map J generate 
the ideal Iz G C°°{M) <^ they generate a real ideal in C°°{M) <^ for all z e Z the ideal 
Ipoi{Jz) is a real ideal in ]R[xi, . . . , x^, l/i, • • • , 1/m]- 

As a last step, we follow the advice of [3] and translate the reality criterion [31 above into 
the more amenable language of complex algebraic geometry. 

Theorem 2.1.13 ([41]). Let I he an ideal in ]R[xi, . . . ,Xfc]. Then I is real, if and only if the 
following two conditions hold: 

1. Ic := I ®R C is radical in C[xi, . . . ,Xk\, and 

2. for every irreducible component W C C™ of the (complex) locus of I<c we have that 
dimR(iy n W) = dim<c(Vr)Q 

In other words, in order to check the generating hypothesis it is necessary to gain detailed 
insight into the complex algebraic geometry behind the scene (e.g. knowing the primary 
decomposition of Jc). Regardless of the fact that the varieties in question are cones, there 
is no straightforward way to provide this information. A basic and physically interesting 
example, for which the algebraic geometry is well-studied is the system of one particle in 
dimension n with zero angular momentum. Example [3 Since the components of the moment 
map can (up to a sign) be written as the 2 x 2-minors of the 2 x ra-matrix 

f ... g" \ 

V Pi P2 ■■■ Pn J 

the ideal Jc which is generated by the components of the moment map is an instance of a 
determinantal ideal. By a theorem of Hochster [60] the ideal is prime, and the complex 

^Here, the dimension of a variety is the dimension of the smooth part. In general, we have dim]R(VF H 
R™) < dimc(M/). 
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locus is of dimension n+ 1. It is easy to see [H Example 7.10], that the dimension condition 
is true as well. In fact, the 2 x 2-minors of the above matrix are zero if and only if the vectors 
{q^, . . . , g") and {pi, . . . ,Pn) are proportional. In particular, for any (g^, . . . q"-) G R" and 
X eR"" the vector (Ag\ Xq'^, Ag", , X'^q^, X'^q^, A'^g") G r*R" is in the real locus, 
whose dimension is thus > n + 1. We conclude that the ideal I is real. Unfortunately, this 
example is not a complete intersection for n > 3 (more on this in section 13. 5p . 

The only class of nonabelian examples, which the author is aware of, where the generating 
and (as we will see in section 13.51) the complete intersection hypothesis are true at the same 
time, is Example [TOl The complex locus defined by these ^n{n — l) quadratic equations is 
an instance of what is called a commuting variety. In [27] it was shown that is irreducible 
of codimension ^n{n — 1), and the ideal generated by the coefficients of J in the complex 
polynomial ring is prime. Let 5'reg C 5* be the open subset of symmetric matrices with 
pairwise distinct eigenvalues. Since the action of SO{n) on T*Sreg is locally free, it follows 
that Z n T*Sreg is of codimension ^n{n — 1) likewise. As a consequence of Theorem 12.1.131 
the components of J generate the vanishing ideal Iz in C°^{T*S). 

Summarizing, we have seen that the generating hypothesis is true for the Examples [H 
El [71 [HI E] for a < and [lO] We would like to close this subsection with a discussion of 
the elementary example of the free particle on the line. Example [21 where essentially all 
what we have done so far goes wrong. Clearly, is a singular value of J{q,p) = The 
constraint surface Z = J"^(0) = {(g,0) G T*R} = R is in fcict 8b Let grangian submanifold, 
hence first class. The action of R on Z is trivial, therefore the action of R on T*]R can not 
be proper (proper actions have compact isotropy groups). The orbits of the R-action on 
T*R are closed, but the quotient space T*R/R is not Hausdorff. Furthermore, the quotient 
space Z/R = Z is for obvious reasons not a stratified symplectic space, i.e., the theorem of 
Sjamaar and Lerman does not apply. Any function on Z is invariant, but the only smooth 
function which can be extended to a smooth invariant functions on T*R are the constants. 
Hence, the Poisson algebra obtained by universal reduction is just K. In contrast, the Dirac 
reduced algebra is C°°{R) with trivial Poisson structure. Finally, p is a constraint which 
is not a muhiple of J. According to Sniatycki and Weinstein [M] C°°{T*R)/p'^C°°{T*R) 
is naturally a Poisson algebra, which in this example differs from the universal and Dirac 
Poisson reduced structure. 



2.2 Deformation quantization 

In this section we recall some basic notions and examples from the theory of deformation 
quantization. We recall Fedosov's construction of star products on symplectic manifolds. We 
discuss the various invariance properties of star products, which will be the basic requisites 
for quantum phase space reduction in chapter [H 

2.2.1 Formal deformations of associative algebras 

Let A be an associative K-algebra with unit 1 and let us denote the multiplication map by 
/X : A (S)]K A ^ A,, a ^ b ^ ab. A formal deformation of the algebra A is a sequence of linear 
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operations /ij : A (S)]k A A for i > 1, such that the deformed multiphcation * 

a * 6 := a6 + ^ z/*/ij(a, 6), (2.16) 

i>l 

where a,b & A defines (by z/-hnear extension) an associative algebra structure on ^[[i^]] with 
unit 1. The variable u is called the formal parameter. Two formal deformations * and *' 
are called equivalent if there is a sequence of linear maps Si : A ^ A, for i > 1, such 
that S" := id + X]j>i ^''^i defines an isomorphism of unital K[[z/]] -algebras from (y4[[z/]], *) to 
(4H,*'),i.e. 

S{a*b) = S{a)*' S{b) (2.17) 

for all a,b & A. If the algebra A is commutative, it is easy to show, that the semiclassical 
limit of a formal deformation of A makes A into a Poisson algebra, i.e. 

{a,b} := fii{a,b) — fii{b,a), ioi a,b E A (2.18) 

is a Poisson bracket. Conversely, if we start with a Poisson algebra {A, ■,{ }), then a formal 
deformation of {A, ■) is said to be a deformation of this Poisson algebra, if the semiclassical 
limit reproduces the original Poisson structure. 

An easy example of such a formal deformation of a commutative algebra {A, fi) arises if 
there is a family of pairwise commuting derivations Di , i = 1, . . . ,n, oi A. Then for any 
tensor P^^ G K, i, j = 1 . . . , n, 

a*fe:=^oe^J:".^i™®^^(a®6) 

defines an associative deformation of {A,n). If A is the real polynomial ring ]R[x^, . . . 
or C°°(]R") and the Di are the partial derivatives ^ then the above multiplication is called 
the Moyal- Weyl-mu\tiplica.tion. The semicassical limit of the Moyal-Weyl multiplication is 
the Poisson structure corresponding to the constant Poisson bivector field | '^■j ir-^-£j A 
where II*-^ = P^^ — P^^. Another important example of an associative deformation arises if 
A = Si) is the symmetric algebra of an real Lie algebra f) from the PBW-symmetrization 
map (more on this in subsection 12. 2. 4p . The notion of a formal deformation of an associative 
algebra, straightforwardly generalizes to Z2 or Z-graded algebras (with Koszul sign rule). 
The purely odd analogon of Moyal-Weyl product is Clifford multiplication (see also equation 
(14.11) ). We leave it to the reader to fill in the details. 

It should be mentioned that the stepwise obstructions to construct a formal deformation 
of the multiplication yU lie in the third Hochschild co homology group HH^{A,A) of the 
algebra A. In fact, the space C"(y4, A) of Hochschild n-cochains is just the space linear 
maps (fi : A®" = A ^ ■ ■ ■ ^ A A and the differential of Hochschild cohomology Sh '■ 
C"(A, A) C+'^iA, A) is given by the formula 

n 

{6H'-p){ai, a„+i) = ai(p{a2, . . . , a„) + ^(-l)V(ai, . . . , 0^0^+1, . . . , a„+i) 

1=1 

+ (-l)"-*-V(ai, (2.19) 
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for ai, . . . , a„+i G A. The associativity of the product (12.161) in degree z/^ can be written as 

k-l 

^2, as) = ^/ii(yUfc-i(ai,a2),a3) - fXi{ai, Hk-iia2, as)) Vai,a2,a3 G A. (2.20) 

i=l 

Therefore, if we would construct such a product inductively, then we would have to assure 
that the right hand side of this equation is a Hochschild 3-coboundary at every step. Us- 
ing the differential graded Lie algebra structure on the shifted Hochschild cochain complex 
C"(A, A)[l] which is given by the so-called Gerstenhaber bracket, the set of equivalence 
classes of formal deformations of /i can be described in terms of deformation functors and 
Maurer-Cartan equations. As we will not use this slightly more sophisticated language we 
refer the interested reader to the exposition [63] . 

2.2.2 Star products 

If we are looking for a formal deformation of the Poisson algebra A := C°°(M) of smooth 
functions on a Poisson manifold (M, 11), then the general opinion is that full Hochschild 
cochain complex C*{A, A) is too big for the deformation problem to make sense. As a conse- 
quence one usually considers the subcomplex C*jfj(yl, A) of differential Hochschild cochains 

C^iffiA ^) = W ■■ A (g) ■ ■ ■ (g) 4 , A\D is a polydifferential operator} 
k times 

instead. Accordingly, a formal deformation 

f*9--=f9 + Yl '^>^(/ ® f^9^ ^"(^) (2.21) 

i>l 

of the Poisson algebra (C°°(M), { , }) is defined to be a star product, if the bilinear operations 
Hi, i = 1,2, . . . , are in fact bidifferential operators. Moreover, two such star products * and *' 
are defined to be equivalent, if the equivalence transformation S' := id + J2i>i ^''^i of equation 
(I2.17P is in fact a series of differential operators. Essentially all known explicit constructions 
of star products yield bidifferential operators fii, which are differential operators of order at 
most i in each argument. These star products are also called natural. It can be shown [56j 
that an equivalence transformation S between two natural star products * and *' is of the 
form S = exp(^^-^ v^Di), where the Di are differential operators of order at most i + 1. 
Moreover, in the symplectic case every star product is equivalent to a Fedosov star product 
(see the next subsection) and, hence, to a natural one. 

Instead of considering differential star products one can also exploit the fact that C°°(M) 
is a nuclear Frechet algebra and look at continuous star products (defined below). Even 
though the meaning of continuity is somehow obscure, this approach has the great advantage 
that it applies for other interesting nuclear Frechet algebras such as the singular reduced 
algebra C^{Z)^ of subsection I2.1.3[ In fact, C°°{Z), being a quotient of a nuclear Frechet 
space modulo a closed subspace, is nuclear Frechet (cf. [981 Proposition 50.1]), as well as 
C°°(Z)0, being a closed complemented subspace of a nuclear Frechet space (remember that 
G is assumed to be compact and connected). 
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If A is a nuclear Frechet algebra with commutative multiplication /x, then the space 
C'^j^^{A, A) of continuous Hochschild cochains as follows 

C^ontiA A) = {D ■■ A§) . ■ . 0A , ^ A\D is linear continuous}, 
k times 

Here, ® denotes the topological tensor product (since A is a nuclear space all topological 
tensor products coincide). Accordingly, by a continuous star product we mean a formal 
deformation as in formula (12.161) . such that the operations /ij : A^A —>■ A are continuous. 
An equivalence transformation between continuous star products such as in formula ( ]2.17p 
is said to be continuous if the operations Si : A A are continuous. The notion of 
a continuous star product has been studied before in |21], together with the topological 
version of Gerstenhaber deformation theory. Actually, for the main application we have in 
mind, i.e., the singular reduced algebra C°°{Z)^, it is not at all obvious what the 'correct' 
definition of (multi-) differential operator should be (see ^83j), in order to define a feasible 
notion of a differential star product. As an indication that the continuous setup is not too 
weak, let us mention the well known fact that the natural map Cdm{A, A) — > Ccont(^, A) is a 
quasiisomorphism if A = C°°(M) is the algebra of smooth functions on a smooth manifold M. 
The statement that the cohomology of Cdis{,A,A) (respectively Ccont(^, ^)) is isomorphic 
to the space of polyvector fields on M is just the well known differential (resp. continuous) 
Hochschild-Kostant-Rosenberg theorem. 

2.2.3 Fedosov construction 

For the sake of completeness and because it is a nice application of the perturbation lemma 
lA.l.ll let us recall Fedosov's construction of star products on a symplectic manifold (M, cu). 
The point of departure of Fedosov's construction is an algebraic, fibrewise version of the 
de Rham complex. This complex occurs at many places in mathematics, e.g. in [26l §9 
No. 3 exemple 1], but viewed the opposite way as a Koszul complex of a 'linear constraint'. 
More precisely, we consider S* A T*M M, the tensor product of the symmetric and 
Grassmann algebra bundle of T*M, the cotangent bundle of the manifold M. A choice of 
local coordinates x^, . . . , for M gives a local frame dx^, . . . , dx"' for T*M = A^T*M. The 
corresponding frame for T*M = S^T*M will be written as y^, . . . ,y^. We will interprete 
a section of C?> A' T*M — > M as a polynomial valued /-form, i.e. the local frames are 
written as y*^ . . . y'^'^dx^^ A ■ ■ ■ A dx^' for ii < i2, ■ ■ ■ ^ ik and ji < j2 - ■ ■ < ji- We introduce 
the algebraic (fibrewise) de Rham differential 

5;=y^dx' A^: r°°(M, ® a' T*M) -> r~(M, s''-^ ® a'+^ T*M). 
^—^ oy^ 

Obviously, (r°°(M,^® A*T*M), A,(5) is a Z-graded super-commutative differential graded 
algebra. Moreover, there is an algebraic Poincare lemma, i.e., the differential 5 is acyclic. 
A contracting homotopy for 5 is given as follows. We introduce the Koszul differential 
5* = ^. yH{d/dx') : r~(M, S'' ® A' T*M) r°°(M, 3''+^ ® A'"^ T*M). An easy calculation 
yields the commutation relation 66* + 6*6 ={k + l)id: r°°(M, S'' O a' T*M) T°^{M, S'' 
a' T*M). Renormalizing the Koszul differential 5*, we obtain a contracting homotopy: 
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5-1 := (k + l)-^6* : r°^(M,5'= ® a' T*M) r°°{M,S''+^ ® A'^^ T*M) ioT k + I > 
and for A; = = / we define 6^^ to zero. Let us introduce the canonical projection vr : 
r°°(M, 5® Ar*M) ^ C°^(M) and tlie canonical injection l : C°^(M) r°°(M, ^® Ar*M). 
then the commutation relation above can be rewritten as 66^^ + 6~'^6 = id —lit. Traditionally 
LTi is denoted by a. What we have done so far may be neatly subsumed in the language of 
appendix IA.lt 

(C°^(M), 0) (r°°(M, S O AT*M), (5), 6-^ , (2.22) 

is a contraction fulfilling all side conditions. Moreover, l and tt are homomorphisms of 
super- commutative algebras and 5 is a derivation. 

It is clear, that if we replace the symmetric algebra part by the algebra of formal power se- 
ries (i.e., we take the completion with respect to the ideal generated by r°°(M, S'^®A°T*M)), 
we do not spoil the contraction (12.221) . The same applies, if we adjoin a formal variable u. 
Therefore, we may replace the above de Rham complex by the so called Weylalgebra 

oo 

W^n'iM) ■= JJr°°(M,S^(g) A*T*M)[[z/]], (2.23) 

fc>0 

which is in an obvious way a Z-graded super-commutative K[[z/]]-algebra. Again, we have a 
contraction 

(C°°(A^)[[z/]],0)^(W®^]•(M),<5),rl , (2.24) 

which fulfills all side conditions. 

The next ingredient is a formal deformation o of the super-commutative product on 
W = YY^yQT'=^{M,S''T*M)[[iy]] into an associative muhiplication. It is given by a fibrewise 
Moyal-Weyl- multiplication 

a o 6 := exp J] ff^ A ® ^) (a ® 6), (2.25) 

where a, 6 G W and fi denotes the commutative multiplication. Recall that according to our 
sign convention X^/c n^'^i^fcj = ^j- It is clear, that the Moyal-Weyl-multiplication o respects 
the form degree. But in fact, there is a second Z-grading for which o is graded. This total 
degree is given by counting the symmetric degree and twice the u degree simultaneously. 
The homogeneous components of this grading are given by the eigenspaces W*-'^'' = {a G 
W I Dega = ka} of the derivation Deg := ^j?/'^ + 2t^^, which is a derivation of o. For 
the descending filtration induced by Deg we write Wj := nfe>i^'''^^- The multiplication o 
extends naturally to Z-graded multiplication o for W ® fi*(M). The super-center of the 
algebra (W (S> Q'{M);o) is just f2(M)[[z/]]. The derivation 6 can be written as an inner 
derivation of W ® fl*{M): 6 = i>~^ad{u}), where is uj = j^ijU^dx^ and ad(ci;) means 
taking the super-commutator with uj. Let V be a torsion free symplectic connection on the 
tangent bundle of M, i.e.,Vx>" - VyX = [X,Y] for all X, F G r°°(M,TM) and Vcu = 0. 
Such a connection can always be found. In contrast to the Riemannian case a symplectic 
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connection is not uniquely determined. Let R G r°°(M, End(TM) ® A'^T*M denote the 
curvature endomorphism of the connection: R{X,Y)Z = \J x^yZ — Vy^xZ — V[x,y]Z. 
Because V is symplectic one can show that 

R{X, F, Z, W) := cj(X, R{Z, W),Y) 

is in fact symmetric in X and Y . This means that R is in fact a section in r°°(M, S'^T*M ® 
A'^T*M), i.e., an element of W ® ^2. We extend V in a standard fashion to 

V = y da;^ A : W ® ^ W ® 

i 

A little calculation yields that 

= zy-iado(i?). 

Since the connection is symplectic, one can prove that V is an odd derivation of o and that 
Vu) = 0. The latter equation entails that [V, 6] = VS + SV = 0. From [6, [V, V]] = one 
derives 6R = 0, which is also known as the first Bianchi identity. From [V, [V, V]] = one 
infers that VR = 0, which is known as the second Bianchi identity. 

The beautiful insight of Fedosov [17] has been that even though the derivation — 5 + V 
is, in general, not of square zero, it can be made into a differential by adding an (almost) 
inner derivation iado(r). This r can be found recursively. 

Theorem 2.2.1 (Fedosov). Let f2 = X]i>i ^^^i ^ ^^Ji?(^)[M] ^ series of closed 2-forms 
on M and s G W3 ® Q^{M) such that n{s) = 0. Then there is a unique r G W2 ® fl^{M) 
such that Sr = R + Vr + -r o r + fl and 6^^r = s. It follows that the Fedosov derivation 

D := -5 + V + -ado(r) (2.26) 

V 

is a differential W ® fi*(M) ^ W ® Q.'^^{M), i.e., D'^ = 0. 

Proof. The original proof (for s = 0) can be found in [56]. For a more elaborate exposition 
the reader may, e.g., consult [1021 subsection 6.4.2]. □ 

The Fedosov derivation can be seen as a perturbation of the differential —6 of the con- 
traction fl2.24p . The filtration in question is the aforementioned one, which is associated 
to the degree Deg. Clearly, this perturbation complies with the premises of perturbation 
lemma IA.2I As a result we obtain a contraction 

{C^{M)[[u]],0)^=^{W®n{M),D),D-^ . (2.27) 

T 

The contracting homotopy is given by D^^ = —6^^{—D6^^ — 6^^D)^^. A little calculation 
yields that the fomula for the map / in Lemma IA.2I reproduces the well-known fomula for 
the Fedosov Taylor series r = {~D6^^ — 6^^D)^^l. 

The contraction fl2.27p is used to transfer the associative algebra structure from the 
differential graded associative algebra (W ® Q{M), o,D) to C°°(M)[[z/]], i.e., we obtain an 
associative product 

f*g:=niTif)oTig)), (2.28) 
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for f,g& C°°{M) [[z/]]. The associativity of such a product follows from general considerations 
(cf. also the computation (14.111) in chapter H]). The product * will be called the Fedosov star 
product obtained from the data (V, Q, s). The name is justified by the following well known 
theorem. 

Theorem 2.2.2. //* is obtained from the data (V,i7, s) then it is natural star product and 
the equivalence class of* does only depend on the cohomology class [Q] G z/-?/|^(M)[[z/]]. 
Moreover, every star product on M is equivalent to some Fedosov star product. 

Proof. An elementary proof for the first statments can be found in [102j . The last statement 
follows from classification results of the thesis of N. Neumaier [79]. □ 

We would also like to mention the following nice result on derivations of Fedosov star 
products. 

Theorem 2.2.3. Let M be a symplectic manifold with a Fedosov star product *, which 
is obtained from the data (V,f2, s). If X is a symplectic vector field on M, then X is a 
derivation of * if and only if V is affine with respect to X and Cx^ = = Cxs. Such a 
vector field can be written as an (almost) inner derivation: 

X{h) = ^ad,{f)h Wh e C°^{M) 

for some series f = X]t>o ^* fi ^ ^°°(^)[['^]] ^/ '^'^'^ ^^^^2/ "^f f ^ solution of 

df = ix{uj + n). 

In this case we have X = X/^,. 

Proof. A proof can be found in [75], section 3]. □ 

2.2.4 Quantum moment maps and strong invariance 

There are several inequivalent notions of compatibility of a star product * on M with action 
of some Lie group G on M. For example, if the Lie group G acts by automorphisms of the 
algebra (C~(M)[[i/]], *), i.e., * {^*gh) = * h) for all f,h e C°°(M) and g E G 

one simply says that * is G-invariant. The infinitisemal version of this notion is that of 
Q-invariance of the star product *. Here one requires that the fundamental vector fields act 
by derivations. If the group G is connected both notions are clearly equivalent. 

A slightly stronger notion, which will become important for us (cf. chapter Hj), is the 
notion of a strongly invariant star product: * is said to be strongly invariant with respect to 
a Hamiltonian action of a Lie group G with moment map J : M — g* if 

J(X) * / - / * J(X) = u{J{X), /} VX G 0, / G C°°(M). (2.29) 

It follows easily from Theorem 12.2.31 that for symplectic manifolds with a Hamiltonian ac- 
tion of a compact Lie group a strongly invariant star product can always be found. In 
fact, the symplectic connection can be made invariant by averaging, the same is true for s 
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(alternatively, one can assume s = 0). Finally, one has to assure that ixj^^^^ = for all 

Another example of a strongly invariant star product is provided by the BCH star product 
[53] on the dual space f)* of a R-Lie algebra f). Let i)u ■= be the ]R[[i/]]-Lie algebra with 
the modified bracket [ , ]iy := z/[ , ] and let be the universal enveloping algebra of this 
]R[[i/]]-Lie algebra. Let us denote the canonical multiplication on Ui)u by >. The (rescaled) 
PBW symmetrization map is defined on monomials X1X2 . . . E S'^i) by the formula 

a^{XiX2 . . . Xk) = — ^ Xr(l) -u Xr{2) V " " " > Xr{n)- (2.30) 



It is well-known that extends to an injective map of ]R[[z/]]-modules cr^ : 5'f)[[z/]] Ui) 
such that cr,^ (S'f)[[z/]]) is a subalgebra. It induces an associative multiplication *bch on 
S'[)[[z/]] which is uniquely defined by the formula 

(^Af *BCH g) = cr^if) -ucr^ig)- (2.31) 

In fact, the bilinear composition *bch is given by a series of bidifferential operators for the 
algebra Si). Viewing Si) as polynomial functions on i)*, the BCH product *bch extends 
uniquely to a star product on C°°([)*)[[z/]], which deforms the linear Poisson structure. By an 
elementary calculation one can show that for any X G f) and any monomial X1X2 . . . X^ G 
S^i) 

X V (Ty(XiX2 . . . Xk) — (yy{XiX2 . . . Xk) -u X = ua^ {{X, X1X2 . . . Xk}) , (2.32) 

where {, } is the Poisson bracket arising from the linear Poisson structure. It follows that 
* BCH is strongly invariant for any moment map as in Example [TTl 

There is yet another notion of compatibility of the G-action with the star product *, 
that is interesting for our purposes (cf. chapter H]). This is the notion of a quantum moment 
map introduced by Xu [104j . which is an deformed analog of equation (12.91) . If M is a 
symplectic manifold with a Hamiltonian action of a Lie group G with moment map J : 
M — i> g* then a quantum moment map is a linear map J : g ^ C°^(M)[[z/]], such that 
•^(0 = J{0 + Z]i>i MO and we have 

J{X) * J{Y) - J{Y) * J{X) = z/J([X, Y]) VX, Y eg. (2.33) 

If we have found such a J, then we say that * is quantum covariant with moment map J. 
It follows that the linear map L which associates to X G g the operator Lx := - ad^,(J(X)) 
makes C°°(M)[[i/]] into a g-module. Note that we do not assume that this representation has 
to coincide with the representation given by the classical moment map (the latter condition 
is defined to be part of the data, e.g., in [1041 [75]). The existence and uniqueness question 
for quantum moment maps has been discussed in detail so far merely for the case when these 
representations coincide, see [78] (presumably most of the statements generalize somhow to 
the above situation). It is clear that one has always the freedom to add to a quantum moment 
map a Lie algebra 1-cocycle with values in the center of the algebra (C°°(M) [[z/]], *). Besides, 
a quantum moment map gives rise to a ring homomorphism Ugu C°°(M)[[z/]]. A general 
formalism to treat quantum reduction for such change of ring maps has been proposed in 
[92]. 
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Chapter 3 

The classical BFV-construction 



In this section we collect some results and techniques, which are related to the classical 
BFV-construction. First we recall the basic rules of multilinear super-algebra. We recall 
the notion of graded Poisson/Gerstenhaber algebras and review the derived bracket con- 
struction introduced by Koszul and Kosmann-Schwarzbach [66] • We study (generalized) 
graded manifolds in the setting of graded Lie-Rinehart pairs. We propose a method how to 
adjoin momenta for the 'antighost variables'. We generalize the construction of the Roth- 
stein Poisson-bracket to generalized graded manifolds, and discuss thereby the finitely and 
infinitely generated case seperately. We give a criterion how to check the acyclicity of a 
Koszul complex of an analytic map over the ring of smooth functions and show that in this 
situation there are continuous contracting homotopies. We apply the criterion to our list of 
examples. We introduce the notion of a projective Koszul- Tate resolution. We generalize 
the 'Existence of the BRST-charge'-theorem to the vector bundle setting. We discuss the 
special cases of coisotropic submanifolds and of moment maps which satisfy the generating 
and the complete intersection hypothesis. 

3.1 Multilinear super- algebra 

Let A be a commutative K-algebra and F be one of the abelian groups = or 
Since A is commutative there is no distinction between left and right modules. The tensor 
product and the space of morphisms of two modules are A-modules in a canoncical way. We 
would like to recall the abelian tensor category A— Mod^ of F-graded A-modules. Objects 
in A— Mod^ are F-graded A-modules V = ©ngrV^. Elements of f G V such that v G V'^ 
for some G F are said to be homogeneous of degree |f | := k. The sign of a homogeneous 
element v is defined to be (— l)'"'. Homogeneous elements with sign 1 are said to be even 
and homogeneous elements with sign -1 are said to be odd. Given two graded A- modules V 
and W the space of linear maps of degree i G F is defined to be 

Hom^A-ModKV, W) = {y^ G RomAiV, W) | ^{W) C W^+' Vj G F}. 

The space of morphisms in A— Mod'" between two graded A-modules V and W is defined 
to be 

Hom^_ModKV, W) := 0Hom^_j^^^r(V, W). 
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Clearly, the Horn-sets are A-modules and the composition of morphisms is A-linear. More- 
over, every morphism has a kernel and a cokernel. The tensor product V ® W := ©ner(V ® 
W)" of two objects V and W in A— Mod^ is the direct sum of its homogenous components 

(V®W)":= V'®A>V^'. 

« j'er, i+j=n 

The tensor product is a biadditive bifunctor in A— Mod'". The commutativity morphism is 
given by 

for homogeneous v and w. Together with the obvious associativity morphism au,v,w '■ ® 
V) ® W — >■ Z//® (V® W) it satisfies the triangle, pentagon and the hexagon axiom (for details 
see e.g. [72]). 

Note that there is a forgetful functor of tensor categories A-Mod^ A-Mod^^ which 
associates to a Z-graded A-module V = ©ie^V* the Z2-graded A-module Vq © Vi, where 
Vo := ©ievenV* and Vi := ©i oddV*. For every j e Z the shift A-Mod^ A-Mod^, 

V V[j] is given by 

V[jf := 

for all i G Z. It is compatible with the tensor product in the following sense: V[i] © VV[j] = 

V © VV[i + j]. The canonical map V ^ V[j] has degree — j. The analog of the shift functor 
[1] in A— Mod^^ is the parity change. 

By considering a graded A-module as a complex with zero differential the category 
A— Mod^ is a full subcategory of the category of complexes A— Compl over A. Here 
we adopt the convention that maps of chain complexes (which will be cochain complexes if 
not otherwise specified) may carry a nonzero degree. On the other hand, there is a forgetful 
functor A— Compl — A— Mod^. Note that A— Compl has also the structure of a tensor 
category. The differential dx(S)Y on the tensor product X © F (understood in A— Mod^) of 
the complexes {Y, dy) and (X, dx) is given by the formula 

dx()5Y{x © y) := dxx © ?/ + (-l)l''lx © dyy 

for homogeneous x & X and y & Y. The forgetful functor is a functor of tensor cate- 
gories. Furthermore, the space of graded A-hnear morphisms B.om^_-^^^^s.{X,Y) between 
two complexes {X, dx) and {Y, dy) is in a natural way a complex with differential: 

D{^) ■.= dy<f-{-iy'^^ifdx 

for homogeneous ip G }ioraj^_^^j^m(X, Y). The chain maps Hom^_compi(^7 ^) precisely 
the 0-cycles of this complex. Two chain maps are homotopic iff they are homologous. The 
shift functor extends to A— Compl by setting dx[j] := {—lydx- 

By reinterpreting the structural diagrams of the basic algebraic structures, such as that 
of a commutative algebra. Lie algebra, module etc., these notions straightforwardly trans- 
late into the language of tensor categories. For instance, super-commutative K-algebras 
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and K-Lie algebras are nothing but commutative algebras and Lie algebras in the cate- 
gory K— Mod^^, respectively. A differential graded associative (Lie) algebra over K is a 
associative (Lie) algebra in K— CompL 

Given an object V in A— Mod^ we can define the tensor algebra T4V := (Bk>oT^^ :— 
ffifc>oV®^ generated by V. This is an associative algebra in A— Mod'", which carries an 
additional Z-grading given by tensor power. The symmetric algebra SaV = TaV/ < v®w — 
(^—ly^WM^ (g) V > generated by V is obtained by dividing out the two sided ideal generated 
by expressions of the form v <^ w — (— l)l''ll"'lu' (8) for homogeneous VjW e V. Similarly, 
the Grafimann algebra generated by V is given by the quotient AyiV = TaV / < v ® w -\- 
(— l)l^ll"'l-u; ®v>. In addition to their natural F-grading, which is refered to as total degree, 
SaV and A^V inherit from the tensor algebra Z-grading, which we refer to as tensor power. 
It is well known that TaV, SaV and A^V are actually bialgebras in A— Mod^. In all three 
cases the comultiplication A is uniquely determined by the requirement that V is the space 
of primitives, i.e., A(t») — v®l + l®v for all v G V. 

The symmetric group Sn = Auts'et({l5 • • • 5"^}) acts on the set of multiindices Z" from 
the right by o-{xi, . . . , Xn) '■= {xa{i), ■ ■ ■ , Xa{n))- Given such a multiindex x = {xi, . . . , Xn) the 
Koszul sign sign(ri,i+i, x) of the transposition Tj,i+i G S^ which interchanges i and i + 1 is 
defined to be (— l)^<^<+i. It is well known that according to the rule 

sign(cr o cr', x) = sign((T, cr'(a;)) sign(cr', x) (3.1) 

the Koszul sign unambiguously extends to a map sign((T, x) : Sn — > {±1}- Instead of 
the Koszul sign of x = {xi, . . . ,Xn) one may also consider the Koszul sign of the shifted 
multiindex x[l] :— (xi + 1, . . . , x„ + 1). 

3.2 Derived brackets, Gerstenhaber algebras, etc. 

A left Leibniz (or Loday) bracket of degree n on a Z-graded vector space L = (BiL^ is a 
graded hnear map [ , ] : L (8) L — > L of degree n, such that the following Leibniz rule holds 
for all homogeneous a,b,c & L: 

[a, [b, c]] = [[a, b],c] + (-l)(l"l+")(l^l+")[6, [a, c]]. (3.2) 

If the bracket [ , ] is graded antisymmetric, i.e., [a,b] = — (— l)l"l+"''(l^l+"''[fe, a], then it is a 
Lie bracket of degree n; in other words:, -^^[— "^J is a graded Lie algebra. If the space L is, 
in addition, a super-commutative Z-graded algebra with multiplication /^(a ® 6) = ab, such 
that the following Leibniz rule holds 

[a, be] = [a, b]c + (-l)l^l(l«l+")6[a, c], (3.3) 

then we say that [ , ] is a Poisson bracket of degree n. Under these circumstances we also 
say: (L, /x, [ , ]) is an n-Poisson algebra. Thus a 0-Poisson algebra is just a Jj-graded Poisson 
algebra and a (— l)-Poisson algebra is what is usually called a Gerstenhaber algebra. 

Theorem 3.2.1 (Derived brackets). Let (L, [ , ]) be a Jj-graded left Leibniz algebra, where 
the bracket [,] is of degree n, and let d : L' ^ L'~^"^ a differential (i.e., d^ — 0) which is a 



37 



derivation of [, ], i.e., 

d[a, b] = [da, b] + [a, db] (3.4) 

for all homogeneous a,b & L. 

1. Then the derived bracket 

[a, 6],:= (-l)"^("+l"l)+^[da,6] 
is a left Leibniz bracket of degree n + m. Moreover, d is a derivation of [, ]d. 

2. If, more specifically, [ , ] is a Lie bracket of degree n and Lq is an abelian subalgebra of 
L, such that [Lq, Lo]d C Lq and m is odd, then [, ]d is a Lie bracket on Lq of degree 
n + m. 

3. There is an natural left Leibniz bracket of degree n + m on L/dL: 

[a,6]rf:=(-l)"^("+H)+i[^^ ^3^5) 

where the bar indicates taking classes in L/dL. The left Leibniz algebra L/dL contains 
the homology space H = Z/dL, where Z = ker((i), naturally as a graded subalgebra. If 
the original bracket is a graded Lie bracket of degree n and m is odd, then the derived 
bracket [,]d is a Lie bracket of degree n + m. In this case (^L/dL, [ , ]d) is also called 
the Lie algebra of co-exact elements of L. 

If the original bracket is a Poisson bracket of degree n and d is an odd derivation of this 
Poisson structure, then the derived bracket defined in{M is a Poisson bracket of degree 
n + m. Moreover, the derived bracket of equation 1^3. 5\) restricted to the homology subalgebra 
B. = Z/dL a Poisson bracket of degree n + m. 

Proof. We proof these statements along the lines of [66]. First of all, let us write ad : 
L —y End]{^_]y£(,^z;(L), a i— >• [a, ] for the adjoint action of L on itself. The degree of the 
endomorphism ad(a) is \a\ + n. We rewrite equation (13.21) as [ad(a), ad(6)] = ad(ad(a)6), 
this time [ , ] denotes the super-commutator of graded endomorphisms. Analogously, we 
rewrite equation (13.41) as [d, ad(a)] = a.d{da). For the adjoint action corresponding to the 
derived bracket [ , ]rf we write a.dd{a) := [a, ]d. The degree of the endomorphism a.dd{a) 
is |a| + n + m. In fact, using super-commutators we have ad(i(a) = [ad(a),(i]. An easy 
calculation using the Jacobi identitiy for the super-commutator and [d, d\ = 2d'^ = yields 
that c/ is a derivation of the derived bracket: 

[c?, add(ci)] = [d, [ad(a),(i]] = [[(i, ad(a)], rf] + = [ad{da),d] = add{da). 

Let us proof that [ , is a left Leibniz bracket: 

[add(a), add(6)] - ad^ {add{a)b) 
= [[ad{a), d],[ad{b), d]\ — [ad[[ad{a),d]b),d] 
= (-l)'^(l»l+l^l)[ad(da),ad(rf6)] + (-l)'"(l''l+") [ad (ad(da)6), ci] 
= (-l)'^(l«l+l^l) ad{ad{da)db) - (_i)™(kl+n)(_i)M™+2n+|a|+|f,|) (^dad{da)b) 
= (_i)-(|a|+|b|) ad{ad{da)db) - ad{ad{da)db) = 0. 
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In order to proof item [2l ) we only need to show that the restriction of the derived bracket 
to the subalgebra is graded antisymmetric. In fact, since Lq is an abelian with respect to 
the graded Lie bracket [ , ] we have: 

= d[a,b] = [da,b] + (-l)"^(l'^l+")[a,c/6] = [da,b] - a]. (3.6) 

Thus we have to see that (-l)™(l'^l+")+i[da, 6] = (-l)™{l«l+«)+i(_i){|a|+n)(|fe|+n)[rf5^ a] coincides 
with These signs match iff m is odd. 

In order to proof itemO) we observe that dL is a two-sided ideal in L: [dL, L]d C dL D 
[L,dL]d. We conclude that the derived bracket of equation fl3.5p is well-defined on L/dL. 
Moreover, since the space of cycles Z = ker^d) is obviously a subalgebra of (L, [ , and 
hence H = Z / dL is a subalgebra of {L/dL, [ , J^^). If [ , ] is in fact a Lie bracket of degree n 
and m is odd we again have, due to equation (13. 6p . that the derived bracket is Lie of degree 
n + m. 

Finally, let us address the question what happens in the Poisson case. Let ^ : L ® 
L L,a ^ b ^ ab he a. super-commutative multiplication of degree zero. Accordingly, 
the operator of left multiphcation X : L Eiad^_-^^^z.{L), X{a)b := ab for 6 G L, is of 
degree zero. We impose the Leibniz rules [d, A(a)] = X{da) (i.e., d is a derivation of /i) and 
[ad(a),A(6)] = A(ad(a)6), which is equivalent to (13. 3p . The analogue of equation (13.30 for 
the derived bracket works out as follows 

[ad,(a),A(6)] = [[ad(a), rf], A(6)] = [ad(a), [d, A(6)]] + (-1)^1^1 [[ad(a), A(6)], 

= [ad{a),X{db)] + {-lp^^[X{ad{a)b),d] 

= X{ad{a)db) - (-l)™l'l(-l)™(l'^l+l''l+")A(rfad(a)6) 

= A((ad(a)d - (-l)™(l'^l+")rfad(a))6) = A(adrf(a)6). 

Consequently, if the abelian subalgebra Lq of item[2l) is also a subalgebra for the multipli- 
cation /i, then the derived bracket is a Poisson bracket. In general, the subspace dL (Z L is 
not an ideal for the multiplication /i, but dL G Z actually is an ideal! For every x G dLZ 
can be written as a; = Yl'i=i ^'^i bi = d[ Yl'i ^i^i) some ai, . . . Ofc G L and bi, . . .bk E Z. □ 

There is yet another way to produce a derived bracket, which generalizes the construction 
of itemO) of the above theorem. Let {L, n, [ , ],d) he a Poisson algebra with a bracket of 
degree n and differential of degree m (assumed to be ±1), such that d is a derivation of 
the supercommutative multiplication /i(a ® b) = ab and of the bracket [ , ]. Under these 
circumstances we also we call (L, /i, [ , ],d) a differential graded n-Poisson algebra. We will 
call a graded subspace K G L a coisotropic ideal if the following conditions are true: 

K-L G K 
[K,K] G K 
dK G K. 

Given such a coisotropic ideal K G L the quotient space V := L/K is a differential graded 
commutative algebra. In particular V is a complex. For the differential we write just d and 
for the graded spaces of cycles and boundaries of this complex we will write Z V and dV , 
the homology is H \^ := Z V/dV . Let us write a for the image of a G L under the projection 
onto V . Note that a cycle in is a class a of an a G such that da G K. 
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Theorem 3.2.2 (Reduced bracket). Let a,h E L represent the cycles a,b E ZV then 

[Z,b]a^K ■■= + dV (3.7) 

is a well defined class in HV. [, ]d^K is a Poisson bracket of degree n + m on the super- 
commutative Jj-graded algebra YiV . 

Proof. In order to see, that the bracket is in fact weU defined, it is more comfortable to 
write the cycles a.s'a = a + K,b = b + K. Now we get 

[d{a + K),b + K] = [da, b] + [dK, K] + [da, K] + [dK, b]. 

The second term is obviously in K. The third term is in K since a is a cycle. Finally, 
writing the last term as ±d[K, b] ± [K, db], it is in up to a boundary since 6 is a cycle. 
Note that [da,b] is a cycle since d[da,b] = ±[da,db] C [K,K]. Again, dV is an ideal in ZV 
with respect to the commutative multiplication. The remaining statements follow from the 
proof of Theorem 13.2.11 □ 



In any of the cases when the derived bracket [ , ]d is a Poisson bracket of degree n + m 
the opposite bracket [a,b]'^'^ := (— l)(l'^l+"+™-)(l''l+"+'") [6, aj^, for homogeneous a, 6 G L, is a 
Poisson bracket of degree n + m as well (see Appendix IA.3p . Since we have 

[a,db] = -(-l)(l^l+™+")(l»l+")[rf6,a] = (-l)'»(l''l+")(-l)(l''l+^'"+«)(H+")[6,a]d 

we conclude that the opposite derived bracket is just 

[a,b]f^:={-ir[a,db]. (3.8) 

An important example of Poisson bracket of degree —1 is given by the Schouten-Nijenhuis 
bracket on the symmetric algebra S'a(-^^[— 1]) of a Lie-Rinehart pair {A,L) in the category 
K-Mod^. For convenience of the reader we have collected some basic material on Lie- 
Rinehart pairs in Appendix IA.2[ We caution the reader that for certain applications that 
we have in mind, this notion of polyvector field is a little too restricitive. 

Theorem 3.2.3 (Schouten-Nijenhuis bracket). If{A,L) is a Lie-Rinehart pair in the tensor 
category K— Mod^, then there is a unique Lie bracket [ , ] on SAiL[—l]) extending the 
structure maps on {A, L) and making Sa{L[—1\) into a Gerstenhaber algebra. More precisely, 
the bracket is the unique Gerstenhaber bracket determined by the requirements 

1. Ac Sa{L[—V\) is an abelian subalgebra, i.e., [A,A\ = 0, 

2. [X,a] = -(-l)(l^l+i)l'^l[a,X] =X(a), 

3. if [.,]' denotes, for the moment, the bracket in L then we have [X, Y]' = [X, Y] 

for all homogeneous X,Y C L and a C A. Moreover, any morphism from {A, L) to another 
Lie Rinehart pair {A', L') in K— Mod^ extends uniquely to a morphism of Gerstenhaber 
algebras Sa{L[-1\) Sa>{L'[-1]). 
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Proof. Presumably, there is some simple 'operadic' reason for the statement. Nonetheless, 
we have included an elementary proof in the appendix IA.4I □ 



We will call this Gerstenhaber algebra the algebra of polyvector fields of the Lie-Rinehart 
pair (A,L). We will use for it the notation X{A,L) := Sa{L[—1]). It carries two degrees: 
the total degree and the tensor power. For the tensor power we will also use the term arity. 
For the subspace of arity k we will write 

X'{AL)=S\iL[-l]). 

lia E A and Xi, . . . , Xj G L are homogeneous, then the total degree of a monomial aXi . . .Xi 
is \a\ + \Xi\ + ■ ■ ■ + \Xi\ + i. The space of polyvector fields of total degree k will be written 

as 

X{A,L)K 

Of course, the degree for which X{A, L) is a Gerstenhaber algebra is the total degree. How- 
ever, we also have an inclusion [X''{A, L),X''{A, L)] C X''^''^^ (A, L) for all k,l >0. 

For the important special case, where A = C°°(M) is the ring of smooth functions on 
some manifold M and L = r°°(M, TM) is the space of vector fields we will use the shorthand 
X(M). If n e X2(M) is a Poisson tensor, i.e., [H, H] = 0, then 

6n := [n, ] : X*(M) ^ X*+^(M) (3.9) 

is a CO differential. The cohomology of this differential is known as Lichnerowicz-Poisson 
cohomology. The Poisson bracket corresponding to 11 is just the derived bracket of —Su, or, 
equivalently, the opposite derived bracket of 6u- Here, in the ungraded case, we will use 
the standard notations and identify X'(M) with the space of sections T°°{M, A'TM) of the 
Grassmann-algebra bundle of the tangent bundle. The Lichnerowicz-Poisson cohomological 
complex (X'(M), 6u) can alternatively be interpreted as the space of cochains of Lie algebroid 
cohomology of the Lie algebroid (T*M, T^n, { , }kb) associated to H. The anchor #n : 
T*M — >■ TM of this Lie algebroid is given the 'musical map' #n(a) := := i{a)Il, where i 
denotes the insertation derivation. The bracket { , }xb is the Koszul-Brylinski bracket which 
is given by the formula {a, i3}kb = L^#i3 — Lp#a — dli{a, (3). 

Given a commutative algebra A in K— Mod^ there is still another Gerstenhaber algebra 
Der(A) = ©„>oDer"(y4), the algebra of multiderivations, which is related to the algebra of 
polyvector fields. A multiderivation D G Dei" {A) of arity n is by definition a graded linear 
map D : A®" — > A which is graded symmetric in the following sense 

D(ai, ...,ai, a,+i, . . . , a„) = (_i)(l'^-l+i)(l'^-+il+i)z}(ai, . . . , a^+i, a^, . . . , a„) (3.10) 

for i = 1, . . . , n — 1 and which is a derivation in every argument, i.e., 

D{ai, . . . , Qn-i, ah) = D{ai, . . . , a„_i, a)b + (-l)l''ll^lD(ai, . . . , a„_i, b)a (3.11) 

for all homogeneous a, 6, ai, . . . , a„ G A. If D is a multiderivation of arity n and degree k, 
then we define the total degree of D to be \D\ := n + k. If [A, L) is a Lie-Rinehart pair in 
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A— Mod , then a polyvector field X G X"'{A, L) can be interpreted as a multiderivation. 
More precisely, we let X act on (ai, . . . , an) by taking iterated commutators 

Bx{ai, . . . ,a„) := X(ai, . . . , a„) := [. . . [[X, Oi], 02, ], • • • ,a„]. (3.12) 

Let us now define an analogue U of the super-commutative product of polyvector fields 

DUE{ai,...,ak+i) ■= sign(a, |a| 

D{a^(i), . . . , a„i^k))E{a^(k+i), . . . , aa(fc+z)), (3.13) 

where D and E are homogeneous multiderivations of arity k and /, respectively, and 5*^,/ 
is the set of (fc, /)-unshufHe permutations, i.e., a{l) < cr(2) < ■ ■ ■ < a{k) and a{k + 1) < 
a{k + 2) < ■ ■ ■ < a{k + /). In general, by \a\ := (|ai|, . . . , |an|) £ we mean the multiindex 
of the n-tuple (oi, . . . , a„) of homogeneous elements of the graded space A. Next we define 
a bilinear operation • : Der''(y4) x Der'(y4) — > Der''+'"^(yl) as follows 

D • E{ai, . . .,ak+i-i) := ^ sign((T, |a| [l])i:'(E(a<^(i), . . . , a^(z)), a^(z+i), . . . , a^(fc+z-i))- 

The Richardson- Nijenhuis bracket [50] of two multiderivations is defined by 

[D, E]rn ■.= D*E- (-lY\D\-m\E\-i)E . ^ (3_14) 

Theorem 3.2.4. (Der(A), U, [ , ]rn) is a Gerstenhaber algebra. The iterated bracket map B 
(of. equation h3.12^) ) is a morphism of Gerstenhaber algebras, i.e., for all X, F G X{A,L) 
we have Bxy = Bx U By and -B[x,y] = [Bx, By]rn ■ 
Proof. It is well known (see e.g. |41 Theoreme III.2.1]) that the space 

^■.= \[^ymUA[llA[l]) 

n 

of graded K-linear maps A[l]®"' A[l] which have the symmetry property (13.101) above is 
isomorphic to the graded Lie algebra Coder(S'K(v4[l])) of coderivations of the free symmet- 
ric K-coalgebra cogenerated by A[V\. More specifically, if D G Sym|^(y4[l], 74[1]) then the 
corresponding coderivation D of 5']k(A[1]) is given by the formula 

D{ai ...am)-= ^ sign(cr, \a\[l])D{a„(^,), . . . ,a^(n)) aa(n+i) • ■■a'a(n+m)- 

The induced Lie bracket on ^ is just the bracket of equation (I3.14p . It is not difficult to 
see that the space of multiderivations Der(74) is in fact a Lie subalgebra of ^ . In this way 
a multiderivation D of degree \D\ is a coderivation of degree |D| — 1. In order to show the 
Leibniz rule for [ , ]jix it suffices to prove 

D»{EUF) = (D.E) UF + (-1)(I^I-^)I^Ieu (E.F) and 
{EUF)*D = ^U(F«Z}) + (-l)(l^l-^)l^l(E«Z})UF. 

These relations can be shown by an unpleasant but straightforward computation. The 
compatibility of B with the cup product Bxy = Bx U By is straight forward to check. In 
order to prove -B[x,y] = [Bx, By]rn one can now use induction over the arities of X and 
Y. To start the induction we need only to check the formulas B[x,y] = [Bx, By]rn and 
[X, a] = [Bx, a] RAT for X,Y E 3C^{A, L) and a G A, which are obviously fulfilled. □ 



42 



3.3 Generalized graded manifolds 



There are several possible ways to define the notion of a super-manifold (see e.g. [67t [99l 
H3]). The most basic version is that of a space of sections r°°{M, AE) of a GraBmann 
algebra bundle AE — > M of a finite dimensional vector bundle over M seen as a Z-graded 
super- commutative C°^(M)-algebra. It is known that many geometric constructions, such 
as tangent vectors, the cotangent bundle, the de Rham complex and vector bundles with 
connections generalize to super-manifolds. 

In view of the applications we have in mind (cf. Sections 13.41 13.71 and 13. 8p we are forced 
to consider more general Z-graded algebras which serve as algebras of super-functions. We 
will propose a way to define the notion of cotangent space for these algebras and introduce 
the notion of polyvector fields in the spirit of the preceding section. Besides, we do not 
think that we have found a general geometric theory for this more general graded algebras 
(and it may well be that there are important references related to these questions, which 
we are not aware of). Let M be a smooth manifold and let V = (BkeiY^ be the direct sum 
of finite rank vector bundles over M. For simplicity, let us always assume that these 
vector bundles admit simultaneous bundle charts. Let us write V for the space r°°(M, V") 
of smooth sections of V. For convenience we use the shorthand notation A := C'^{M). 
According to the theorem of Serre and Swan we have that V = ©fcezV*^ is the direct sum of 
the finitely generated projective A-modules = r°°(M, V^). The support of V is defined 
to be supp(V) :={fcGZ|V^<0}. Assigning to each the degree k we will consider V as 
an object in A-Mod^. 

Let SaV = ©i>o'S'^V be the symmetric algebra in A— Mod^ generated by the A-module 
V. In fact, SaV is a free commutative algebra in the category A— Mod^. It is easy to see, 
that the A-linear derivations Der^(S'yiV)*' = Der^(S'AV)'^ of degree k of the Z-graded algebra 
SaV may be identified with the A-module HiI'^'aV)^"*"* (8>a V**. In every degree k we have 
an exact sequence 

^ DeiAiSAV)" DeiT^iSAVf ""^'^ BeT^{A, SaV)" ^ 0. (3.15) 

Let us now choose for every vector bundle a connection For the derivation of SaV 
which gives for every section vj G V^ and every vector field X G X(M) the value V'x'vj we 
will write 

Vx = 5^V^^ (3.16) 

Using this family of connections we can identify Der]K(^, 5'^V)'^ = (SaV)'' ® Der^ ^ = 
(SaV)" ® X^(M) with a submodule of Der]K(S'AV)'^ which is complementary to DerA(S'^V)'^, 
i.e., we use the connections to split the sequence f l3.15p . More precisely, this split is the SaV- 
linear extension of the map which associates to every vector field X the derivation Vx • This 
complementary subspace to the space of A-linear derivations will be refered to as the space 
of geometric derivations. Using the exact sequence fl3.15p one can show that Der]K(5'AV) is 
a projective S'^V-module. Hence, one can use the machinery of Appendix IA.2I to define the 
Lie-Rinehart cohomology of the graded Lie-Rinehart pair (S'^V, Der]K(5'yiV)). 

The reader may have noticed that, in general, the A-linear derivations as well as the 
geometric derviations appear to be infinite sums. We therefore introduce the space of finite 
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type derivations, which are derivations as above, such that the sums are actually finite sums. 
In order to give the precise definition let us write the derivations in local coordinates. Let 
(xi, . . . , Xn) be local coordinates for M and let ^[^\ . . . , ^^^^ be local frames for the bundles 
for all i G Z. Then a finite type derivations of degree /c is a derivation X which writes 
locally as 

E'E^ii+E'E^-vl. (3.17) 

jgZ a=l jeZ i=l 

where the ' indicates that all except finitely many summands vanish. In the above formula 
— ^ is the unique A-linear derivation such that 



d 



ib^ = ^1 Si Vz, J G Z, a = 1, . . 6 = 1, . . . (3.18) 



Of course, the coefficients are in {SaVY'^'' and the Xj have to be in (S'^V)*^. We write for 
the graded space of finite type derivations X^(S'aV). It is clear that (S'^V, X^(S'^V)) form 
a graded Lie-Rinehart pair. Of course, if | supp(V)| < oo then every graded derivation is of 
finite type. Note that if | supp(V)| = oo the Euler vector field 



_d 

ieZ a=l 



5^ ' rj^(i) 



is not a finite type derivation. Analogously, Vx is a finite type derivation if and only if 
I supp(V)| < oo. 

For the applications we have in mind (cf. Section 13. 7p we have that the module V = 
©fc>iV'^ is positively graded. This entails that the graded components of SaV are actually 
finitely generated. In fact, the dimensions can be determined recursively from the Poincare 
series 

5^rank((5^V)0 t' = l[{l- -°'^(^^). (3.19) 

i>0 j>l 

The product on the right hand side converges in the t-adic topology of Z[[t]]. 

Definition 3.3.1. By a generalized graded manifold with base manifold M, A := C°°(M), 
we mean a Lie-Rinehart pair in the category A— Mod^o/ the form (S^V, X^(S'aV)) , where 
V = ©fc>iV^ is positively graded. We will say for short: SaV is a graded manifold. The 
generalized graded manifold is said to be finitely generated of level L := inf{j | V* = OVz > j} 
if L < 00. Otherwise it is said to be infinitely generated. In the finitely generated of level 
L case we will sometimes write V-^ instead ofV. If all the vector bundles , k = 1,2, . . . 
are trivial, we will say that the generalized graded manifold is freely generated. 

For the BFV-construction we also need to adjoin extra variables which are dual to the 
local frames C,i\---,^i^^ for the vector bundles V^, i = 1,2,.... This construction is a 
graded analog of taking the cotangent bundle of a manifold. Let V** = T°°{M, V^*) be space 
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of sections of the dual vector bundle of with dual local frames . . . , ^^^^^ (these sections 
will be also called momenta). The naive guess for an analog of cotangent space for the 
graded manifold SaV would probably be the Z-graded algebra ^^(V © V*) = SaV* ® SaV, 
where V* = ©i>iV**. Unfortunately, this proposal does not work for our purposes (i.e. the 
constructions of the BRST charge in Section 13.81 and of the Rothstein bracket in Section 
13. 4p . The 'correct' cotangent space ^ = ©feez-^; which is considerably bigger, is given by 

< = n^"^^^*)'^' ® ^^^^y- (3.20) 

i>o 

It is important to note that in this definition we have reversed the natural grading: if the 
variables ^[^\ . . . are considered as elements of ^ they have degree —i. Analogously, 
if the momenta ^^-^^ . . . are considered as elements of they have dgeree i (which is 
—1 times their natural degree). The multiplication for Sa{V © V*) extends naturally to a 
Z-graded super-commutative multiplication on More specifically, if J2i>o ^^i+n^Vi G ^/-^ 
and ^j>o/5j+m ® "W^i ^ -^xP then the product is defined to be 

J2 "^+" ® ^0 [Yl ® ) •= 5Z i-'^y^'''"'^(^i+nPj+m ® ViWj. (3.21) 

,j>0 / \i>0 / k>Oi+j=k 

In calculations we will usually drop the ©-sign for convenience. 

Even though we will not make use of it, let us mention the following interpretation of 
the algebra Recall that the symmetric algebra SaV is actually super-commutative (let 
us write for the multiplication fi), super-cocommutative bialgebra (for the comultiplication 
we write A). Moreover, there is a canonical isomorphism between the Z-graded A-modules 
^/■^ and End~^^^^^z (SaV)- The bialgebra structure on SaV induces on End"' ^^^^^(S'aV) 
the structure of a super- commutative algebra in A— Mod^ with respect to the convolution 
product if o ip := fi o [(f ^ ip) o A. We claim that the aforementioned canonical isomorphism 
is an isomorphism of graded algebras. 

Let us now address the more subtle issue of derivations of the algebra In analogy 
to the derivations — . . . , — ^ for z = 1, 2, . . . (defined in equation fl3.18p ) we now have in 

1 £^ 

addition the A-linear derivations 

d d 



for 2 = 1,2,.... (3.22) 



The above A-linear derivations do pairwise super-commute. Let us stipulate that the con- 
nections V^' and V^' are chosen in such a way that 

X <a,v >=< a, Vx'v > + < V^'*a, v > (3.23) 

for all X G X^(M), a G V'* and w G In other words, the connection := V^' + V^'* 

on the super-Riemannian vector bundle {V"* © V\ g :=<, >) is required to be metric. Here, 
super- Riemannian means that g :=<, > is symmetric for all odd i and antisymmetric for 
even i. The above derivations are derivations of Sa^V © V*) and as well. Unfortunately, 
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not every graded (and infinite) linear combination over s^\i of tlie above derivations gives 
a well-defined operation. In order to define the sensible tangent space to ^ we therefore 
consider again finite type derivations. A derivation X of ^ on degree k is said to be of 
finite type if it writes in local coordinates as follows 

E'E^i^ + E'E^?4+E'E*v'^. (3.24) 

jew. a=l jea a=l ^U) j'eZ i=l 

Once again, the prime indicates that all except finitely many summands vanish. For the 
coefficients we have G , Xj G and Xj G The graded A-module of 

finite type derivations of ^ will be denoted by X^(i3^). Of course, form a 

Lie-Rinehart pair in A— Mod^. 

Definition 3.3.2. I/^SaV, X^{SaV)) is a generalized graded manifold then its ghost- cotangent 
space is defined to be the Lie-Rinehart pair , {^/v)) the category A— Mod^. 

In the infinitely generated case this definition has some drawbacks. In fact, the Euler 
vector field 

i(zZ a=l '-'sa ^(«) 

is a finite type derivation if and only if | supp(V)| < oo. The same is true for the (even) 
derivations which write locally as follows 

lli:=5"V^^ ^ = l,...,n = dimM. (3.26) 

Note that there are several canonical morphism of Lie-Rinehart pairs around. For exam- 
ple, there are the obvious inclusions 

{SaV,X\SaV)) ^ {SAiV®V*),^\SA{V®V*))) (i^v,Xi(^v)). 
Moreover, we have an obvious surjection 

/v, X\^v)) ^{A = C°°(M), X\M)). (3.27) 



More specifically, ej^^ is just the canonical augmentation map A. The image under 

e' of an A-linear derivation is defined to be zero. Finally, if 7^ then we define 

(otherwise the latter is defined to be zero). Note that this map is in fact compatible with 
the brackets, since the curvature terms are killed by the augmentation map. 

Following the ideas of Section 13.21 we define the space of polyvector fields X'^s^v) to 
be that which associated to the Lie-Rinehart pair {^/y , {^v)) ■ It will become clear, that 
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(at least for the infinitely generated case) the more correct definition would be the space of 
multiderivations Der*(j2^) of the Z-graded algebra Unfortunately, computations in this 
object tend to be clumsy. Note that, according to Theorem 13.2.31 the morphism e' extends 
to a morphism of Gerstenhaber algebras 

e' : X'Kv) ^ X*(M). (3.28) 

In the finitely generated case we prefer to work with a morphism e which is obtained from 
e' by a renormalization. This e is defined in the same way as e' except that 

e(V^ ) = |supp(V)r^/-. (3.29) 

OX 

3.4 The Rothstein-Poisson bracket 

In [87] M. Rothstein has shown, that on every super-manifold with symplectic base there 
is a super-symplectic 2-form. This fact has been rediscovered by M. Bordemann |[22j as a 
byproduct of the Fedosov construction for super-manifolds. Here we shall extend this result 
to ghost-cotangent spaces of generalized graded manifolds with a Poisson base manifold. We 
will treat first the case when the graded manifold is finitely generated. The reason for that 
is that in the finitely generated case the computations can be done in the Gerstenhaber 
algebra of polyvector fields defined in the preceding section. In contrast, in the infinitely 
generated case they make sense merely in the Gerstenhaber algebra of multiderivations. In 
the infinitely generated case our argument is still incomplete. 

3.4.1 The finitely generated case 

Theorem 3.4.1. Let M he a Poisson manifold with Poisson tensor U G X^(M) and let 
V = V-^ = (Sj^^iV'^ a positively graded finite dimensional vector bundle over M. Let us 
write A := C°°(M) for the algebra of smooth functions on M and V = ©^iV for the space 
of smooth sections of V. Then there exists a Poisson tensor G X'^{£/x><l) on the ghost 
cotangent space of the finitely generated graded manifold SaV-^ , such that 

1. [nfi,nfi] = o, 

2. Hr is of total degree 2, 

3. the image under e ofUn in X^(M) is U. 

The proof will be done by checking, that the explicit solution U^, called the Rothstein 
Poisson tensor, which can be read off from |87j does in fact fulfill the requirements in this 
more general context. 

The first thing that we will do is to introduce a more condensed notation using the super- 
Riemannian metric g which we already mentioned in the preceeding section. We denote by 
^i\^2^ ■ ■ ■ i^i^ 1 3 = 1) • • • ; a local frame for and by ^(j); ^5) ' ' ' ^U) corresponding 
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dual frame for V^*. Recall that ij is the dimension of and £ := Ylj is the dimension of 
V = (BjV^ . On V Q)V* metric the g is given by: 



9&)^a'l Si 5t =: (-ir'9{a'\^h) (3.30) 

fa /f 6 ^ 



9(^^\^^) :=0=:^te),e?,)), (3.31) 



for indices a = 1, . . . , £j, 6 = 1, . . . ,ij and i, j = 1, .... r. Recall that we have chosen a 
connection V = V-' on V (BV* which is metric with respect to g. Imposing the graded 
Leibniz rule, we let 

4- := V a (3.32) 

act on the super-commutative algebra as even derivations. In order to simplify the 

computations, we reindex the above frames into a frame C^, C^, ■ ■ ■ , ior the vector bundle 
V ®V* as follows: 

for A = a + (here we set io '■= 0). The parity p{A) of the index A is defined to be the 

parity of which is i(mod2). These indices will run through the capital letters A,B,C, 
etc. 

Quite importantly, we have the following commutation relations 

a^'^J =Jl^AijC^g^ (3.33) 

^l^^-Q^]=T.^^A-Q^ (3.34) 

for the 'super-coordinate' vector fields, where and R^^j are the Christoffel symbols and 
the components of the curvature tensor of the connection V. Using the inverse of the metric 
tensor gAB g^^ — we define the following algebraic bivector field 

We need to define the insertation derivations ^(^a) and ^(g|j), for A — 1,...,2£, of the 
supercommutative algebra structure on X(j2^<l), which extend the dual pairings. More 
precisely, we set i{^A)^^ '■= ^(afl)^!^ ^b- Of course, the remaining generators 

will be killed by these derivations. Moreover, let us introduce the derivations d := [Uq, ] 
and d* := (— J^a b d^B^^^ii-^) and the degree derivations deg^ := J^A^^^^i^^) ^^'^ 
degg^ := ^(a|^). Finally, we introduce the operator d~^ as follows. If X G X(^<l) 

is a polyvector field such that deg^X = mX and degg^X — nX, then we define d~^X :— 
(m -I- n)~^d*X. On ker(deg^) fl ker(dega^) we define d~^ to be zero. 
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Lemma 3.4.2. Since the connection V is metric, we have 



d=[Uo,] = J2g^^^^{^B) (3.35) 

A,B 

= 0. (3.36) 



Moreover, we obtain a "Hodge identity": dd* + d*d = deg^ + degg^, which implies that d ^ 
is a contracting homotopy for d. More specifically, we have that 

(X'(M), 0) (X'(j^v<i), d), d-^ (3.37) 
is a contraction fulfilling all side conditions. 



Proof. Since d is a derivation of the super-commutative product, it is sufficient to evaluate 

a 



d on the generators. Since the connection is metric we have [IIo, ^] = for alH = 1, . . . , n. 



Moreover, IIo commutes with all and functions / G C°°(M). Hence the only nonvanishing 
contribution comes from: 



no,e 



c 



'[E«^^|l|5.«1-E«-^^|j^g- (3.38) 

A,B ^ ^ AB ^ 

This proves equation (13.351) . Equation fl3.36p follows immediately. The Hodge identity fol- 
lows from the supercommutator: ic^, i_e_] = 6^ ■Sxi_8_ + 5^ ^"^^ P(^) = P{B) 

and p(C) = p{D). This is straightforward to check (however, one has to be careful with the 
signs). All the remaining statements are obvious. □ 



Next, we introduce the following matrix of super- functions, which has incorporated the 
Poisson structure and curvature as well: 

^ - E E n'' Ri,, 9AC e 

k A,B,C 

One of the reasons to work with the completion, i.e. instead of S'a(V®V*), is that 
otherwise the matrix (id— -R)~^ is well defined only under special circumstances. More 
specifically, the matrices 

4 := ((.d = ( id +i + ii^ + ii-' + , , , )■ <=- 

4 - -^i^i = (('ti -'^'>'% = ( id +fi + fi= + ii-' + . . . ); 6 <<•. 

k 

of superfunctions will play a vital role in what follows. Let us establish some calculation 
rules. 
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Lemma 3.4.3. We have the following local formulas: 



J2 n'^' ^j=-Yl n''' (3-39) 

j 3 

IT' A^A'j = n''^5 = -Yl n''^,', (3-40) 



<.^Ace"e^) = o, (3.41) 

A,B,C 

dk] = -Yw' Ri,^ (3.42) 

k,A,B ^ 

dB] = - J2 ^"^'^in^lRikn^^, (3.43) 

k,m,n,A,B 

= Y^d.nnBlBl (3.44) 

I m,n 

Proof. Throughout the proof we use Einstein summation convention. Equation fl3.39p is an 
immediate consequence of the symmetry properties of the curvature tensor and (13.401) follows 
easily. Equation (I3.4ip is equivalent to Bianchi's identity. In order to check identity (I3.42p 
we note that since V is metric, the curvature is orthogonal with respect to g (regardless of 
the symmetry properties of g): 

R^,^ = gi^^, Rid., d,)^) = -9iR{d^, d,)^^, e) = -f"" (3-45) 
By inverting g we obtain _R^j^- = —g^'^ gBoRAij- After these preparations we get 



D 



T-rifc pA cB ^ 



Note the following easy to prove matrix identity 

d((id -R)-^) = (id -R)-\dR){id -R)-\ (3.46) 

This and the analogous statement for ^ are the key to the remaining computations. Equa- 
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tion (13.431) follows from the equations fl3.42p and (13.461) . Finally we show equation (13.441) : 

^ dkW' Bl - \ n'™i3i (s^n- Ri^^ SAC ei"") Bi 

= dkU'^ Bl - R[ B\ Bi 4n"" 

= dkli'' Bl - {Bi - 6i)Bi SfcH"" = -Bi Bi dklT"'. 

At step (*) we again have used the geometric series i?(id —R)^^ = (id —R)^^ — id. □ 
Now we are ready to prove that 

n ■= - V A'^A^ = 1 V n^^^' B^ —— (3 47) 

i,j,k,l j,k,l 

is a solution of the Maurer-Cartan equation 

Lemma 3.4.4 (Maurer-Cartan equation). dH + | [n,n] = 0. 

Proof. Again, Einstein summation convention is in force. Using equation (I3.43P we obtain 
= l^''dB^.^^^ = -l^''^'^''^'^^'.^Bn.e^^^^^ (3.48) 
= ^n'=^rf"i3Li3}<.e^A|,|7. (3.49) 

It remains to compute [n,n]. Note this is a linear combination of two terms. The first is 
proportional to H^i^i^B-^ (g|r^(n'=2i2gg)j ^nd we show using equation that 

this contribution vanishes: 

d .„i,„,- Odd „ ^i.„w„ Odd 



^'''^ (^(n'^'^^g)) dcWQcir^W^ = 9,,U- B^^B'^B^^ 



^g^k,^ ) d^}^ di^^ ' dS}^ dS.^^ dS}^ 

since li''^^^ dkjl™'^ + cyd{ii,m,n) = 0. Therefore, using (13.331) we conclude that 

[11, iij ^ o^^ o^^ ^^^^^ ^^^^ , ^^^^ ^^^^ J 

- -11 11 ^,1^,, -«B/W2 TwT ^ " 



^ji'^j2 ^Bhh g^ki Q^A Q^k2 
o o o 

— TT^iiiTT'^2-?2 /^'i /^'2 jdA cB ^ O O 

- 11 11 l^nl^n^Bhh^ Q^AQ^k,Q^k2' 

which after comparison with equation (13. 49^ yields the Maurer-Cartan equation. □ 
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We conclude that the Rothstein Poisson tensor 



nH:=no + n (3.50) 

has the desired properties [1], [2] and [3] of Theorem I3.4.1[ Therefore, X'{,s/x'<l) is a cochain 
complex with differential := p/j, ], which is an analog of Lichnerowicz-Poisson coho- 
mology. Since is an abelian subalgebra of the Gerstenhaber algebra X(j2^<l), by the 

derived bracket construction O) of Theorem 13 . 2 . ll j2^<l acquires the structure of a Z-graded 
Poisson algebra. More precisely, we define the Rothstein bracket { , }r to be the opposite 
derived bracket of ^n^? i-e., for two homogeneous elements G £i'y<L we have : 

[a, =-[a,5n«/3] = -[«,[n^,/3]] (3.51) 

In local coordinates the Rothstein bracket writes as follows 

= -[a,[n,/3]]-[a,[no,/3]] (3.52) 



We would like to emphasize that C°°(M) is a Poisson subalgebra of J2^<z, if and only if 
the curvature terms vanish, i.e., the bundle V = (BiV^ is flat. Nonetheless, the Lichnerowicz- 
Poisson cohomologies of the Poisson algebras {£/-^<l,{, }/?) and (C°°(M),{, }) are always 
quasiisomorphic as Theorem 13.4.51 below shows. If the bundle V = (BiV^ is the trivial bundle 
with the canonical flat connection, then the ^ are just the ordinary partial derivatives, the 
curvature term disappears and the Rothstein bracket boils down to the well known 



Here we have used the physicist's denotatioiil]: 



d 



a- 



d 



a. 



V / Pica 



da d da 



-a 



^The physicist's denotation is in this case also mnemonically the simplest. 
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In order to proof equation (13.521) and (13.531) we essentially have to compute 

L L 



[a, [Ho 



^ S Vdii. d^^'^ 

1=1 a=l "^Sa 



d d 



EE 

1=1 a=l 

L ii 

EE[' 



d 



d 



d 



d 



L L 



>/5 



(_1)(I/3|+1){«+1) 



a, 



d 



d 



(i) 



(_l)(l/3|+l){i+l)(_l){|"l+l)l/3| 



- d 



d 



da 



a 



d 



i=l a=l '^Sa 



5 



_ (_l)hll/9|+*(l/3|+l)(^_;Ly|/3H-l)i+l 



/9, 



9 



d 



, a 



i=l a=l 



d 



(i) 



d 



'da 



/3, 



d 



d 



da 



, a 



Theorem 3.4.5. There are linear maps J : j£*(M) X*{£/y<L) and S : X*{£/y<L] 
X*^^(j^v<l) such that 



(3.54) 



is a contraction. In particular, the Poisson cohomologies of U and Uji are isomorphic. 

Proof. Since e is a morphism of Gerstenhaber algebras and 6(11^) = 11, we have e^n^ = 5ne- 
Hence we may apply perturbation lemma lA.l.li □ 

3.4.2 The infinitely generated case 

Let us now address the infinitely generated case V = ©j>iV\ where | supp(V)| = oo. In this 
case the argument of the previous section seem to break down, first of all, due to the fact 
that Ho is no longer a true bivector field 



OO (--i Q Q 

1=1 a=l ^(«) '-'S.a 

In fact, there seems to be no way to write Hq as a second symmetric power. Secondly, 11 is 
no bivector field in the sense of our definition 

d d 



This is because the innocent looking derivations d/dC,^, i = l,...,n = dim(M) are not 
derivations of finite type. 

We conclude that, in the infinitely generated case, the Gerstenhaber algebra X(^) 
of polyvector fields is too small for our purposes and we need to look for an appropriate 
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replacement. The only proposal that we are aware of and that seems to make sense is to 
take the Gerstenhaber algebra (Dei^^v), U, [ , ]rn) of multiderivations of (cf. Theorem 
13.2.41) ■ In fact, one can show that the formal analog of the two-fold bracket 

"i.no(«,/5) - [[Ho, a],/?] " ^ f;(-l)^'^'-^-"E (^H + ^-'y^^) 

is a well-defined operation (this is somewhat surprising) and we conclude that Ho G Der^(^)°. 
It is also not difficult to prove that Hq • Ho = ^[^o, ^o]rn = 0. The term 11 is evidently a 
member of Der^(^)'^. 

We strongly believe that all calculations which lead us to the Maurer-Cartan equation 
of Lemma 13.4.41 and which now involve certain infinite summations, make sense in the 
algebra of multiderivations. (even though we do not know whether there is an analog of the 
contraction 03.371) ). As a consequence, we conjecture that also in the infinitely generated 
case the Rothstein bracket 

is a Z-graded super-Poisson structure, which can be seen as the opposite derived bracket 
of the abelian subalgebra s^v C ©„>o Der"(i3^) with respect to the differential : = 
[Ho -f- n, Clearly, the virtues of the derived bracket construction (i.e. keeping the signs 
simple) disappear if we do calculations in the algebra of multiderivation. A better strategy to 
prove the above statement seems to be to use the concept of approximation (cf . Section 13. 8p 
and some 'clever' continuity argument. In the freely generated case with a fiat connection 
the Jacobiidentity for the bracket { , }ji seems to be folklore. 

3.5 The Koszul complex 

Given a smooth map J : M — > =: we consider the Koszul holomogical complex of the 
sequence of ring elements Ji, . . . , Je E C°°(M). In other words, we define the space of chains 
to be 

:= if,(C°°(M), J) := S'^^(m)(^[-1]), 

i.e., the free (super) symmetric C°^(M)-algebra generated by the graded vector space V^[— 1], 
where we consider V to be concentrated in degree zero. K, may also be viewed as the space 
of sections of the trivial vector bundle over M with fibre A*V. Denoting by . . . the 
canonical bases of V^[— 1] for the dual space V of V* = R^, we define the Koszul differential 

a 

where the , a = 1, . . . , i, are the derivations extending the dual pairing. We will say, in 
accordance with [26], that the sequence of ring elements Ji, . . . , e C°°(M) is a complete 
intersection, if the homology of the Koszul complex vanishes in degree ^ 0. 



54 



If zero is a regular value of J is well known (and follows from Theorem 13.5.11 below) that 
Ji, . . . , Ji G C°^(M) is a complete intersection. An elementary example of a noncomplete 
intersection is provided by the moment map for one particle of zero angular momentum, 
Example in dimension n = 3. In this case, using the physicist's denotation, the Koszul 
complex can be rewritten as 

Here g = {q^,q'^,q^) and p = (^1,^25^3) are interpreted as vector valued functions on T*R^ 
and the angular momentum is J = q x p, where x denote the vector product in R^. Since q 
and p are orthogonal to J, i.e., the euclidian scalar products < q, J >= =< p, J > vanish, 
q and p are one-cycles. In fact, they cannot be boundaries, for if g = J x 'something' it had 
to vanish as a function at p = and vice versa. 

Since such findings are merely accidental, we would like to have a more systematic way 
to decide whether a moment map is a complete intersection. One way could be to make 
a detour and use methods from the theory of commutative Noetherian ring together with 
flatness arguments. Instead, if we already know that the generating hypothesis is true, then 
the following 'Jacobian criterion' yields a more convenient method. 

Theorem 3.5.1. Let M be an analytic manifold and J : M —> an analytic map, such 
that the following conditions are true 

1. ( Ji, . . . , Ji) generate the vanishing ideal of Z := J^^{0) in C°°{M), 

2. the regular stratum := {z E Z \ T^J is surjective} is dense in Z := J^^(O). 

Then the Koszul complex K := K{C°^{M)., J) is acyclic and Hq = C^i^Z). 

Proof. We will show that the Koszul complex K{C^{M), J) is acyclic for the ring C^(M) 
of germs in x of real analytic functions. Then it will follow that the Koszul complex 
K[C°°{M), J) is acyclic, since the ring of germs of smooth functions C^{M) is (faithfully) 
flat over C'^{M) (see [73 l Corollary VI 1.12]), and the sheaf of smooth functions on M 
is fine. Since C%{M) is Noetherian, Krull's intersection theorem says that nr>oIl. = 0, 
where Ix is the ideal of germs of analytic functions vanishing on Z. According to [261 A 
X.160], it is therefore sufficient to show that iJi(C^(M), J) = 0. Note that since J gen- 
erates the vanishing ideal of Z in C°°(M), it also generates the vanishing ideal of Z in 
C^(M). This can easily be seen using M. Artin's approximation theorem (see e.g.|89j)l^ 
Suppose / = Ca G iCi is a cycle, i.e. df = J2a •^af"' = 0. Since the restriction 

to Z of the Jacobi matrix Di^^Jaf"") vanishes, we conclude (using condition b)) that 
f^2: = for all a = !,...,£. Since J generates the vanishing ideal, we find an £ x ^-matrix 
F = (F^^) with smooth (resp. analytic) entries such that = F"'' J^jf] It remains 
to be shown, that this matrix can be choosen to be antisymmetric. We have to distin- 
guish two cases. If x ^ Z, the claim is obvious, since then one can take for example 

^We have been hinted by L. Avramov and S. Iyengar that this also follows from the faithful flatness of 
C^(M) ^ C°°(M) Hi Theorem 7.5]. 

■^We have been hinted by L. Avramov and S. Iyengar that using the theorem of Vasconcelos [76l Theorem 
19.9 and the remark that follows] we are done at this point. 
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F"'' ■= (Ea Jiy^Jbf - Jaf)- So let US consider the G Z. We then introduce some 

formalism to avoid tedious symmetrization arguments. Let E denote the free k := C^(M)- 
module on i generators, and consider the Koszul-type complex SE ® AE. Generators of the 
symmetric part will be denoted by /ii, . . . , generators of the Grassmann part by ei, . . . , e^, 
respectively. We have two derivations 6 := Y^a^a^^^ : S'^E^N^E S*""^^® A'^+^E, and 
6* := Ea/^«^(e") : S'^E ® A""E S'^^^E ® A™-^E. They satisfy the well known identities: 
5"^ = 0, {S*y = and SS* + S*S = (m + n) id. Furthermore, we introduce the two com- 
muting derivations ij := Ea '^«^(^") ~ Ea'^aa^- They obey the identities = 0, 
[ij, 6] = dj, [dj, 6*] = ij and [ij, 5*] = = [dj, 5]. We interprete the cycle / above as being 
m. E ®k and the matrix F as a member oi E ® E. We already know that djf = implies 
/ = ijF. This argument may be generalized as follows: if a G S"'E ® k obeys d^a = 0, 
then there is an A G S^E (g) E such that a = ijA. The proof is easily provided by taking all 
n-fold partial derivatives of d^a = 0, evaluating the result on Z and using conditions a) and 
b). We now claim that there is a sequence of G S"'~^^E ® E, n > 0, such that F = F(o), 
5*F(„) = {n + 2)zjF(„+i) and 

n— 1 

/ = d>jF(„) + tj6* ( (Tj^F^.^ for all n > 1. (3.56) 



— '■Bn-\ 

We prove this by induction. Setting B^i := 0, we may start the induction with n = 0, where 
nothing has to be done. Suppose now, that the claim is true for F(o), . . . , We obtain 
/ = ^(^l^j{^^*F{n) + + ij5*Br,^i = ^ci}+^5*F(„) + zj5*5„, where we made use 

of the relations [djij,6*] = and [djij,6] = Since = djf = we find an 

such that ;^^*-f'(n) = '^j-^(n+i), and the claim is proven. Finally, we would like to 
take the limit of equation fl3.56l) as n goes to oo. For this limit to make sense, we have to 
change the ring to the ring of formal power series. Let us denote this change of rings by 
" : C^i^M) — >• K[[x^, . . . ,x"']]. Since by KruU's intersection theorem nr>oF = (/ the ideal 
generated by Ji, . . . , J^), we obtain a formal solution of the problem: / = ijS*Boo, where 
Boo '■= Ei^o i+2 d^j^F{i) is well defined since / contains the maximal ideal. Applying M. 
Artin's approximation theorem yields an analytic solution, and we are done. □ 

The above reasoning can be considered to be folklore, as the subtlety of finding an 
antisymmetric source term is often swept under the rug in semirigorous arguments. We do 
not know, whether, if condition [H) in Theorem 13.5.11 holds, O) is also sufficient for the 
acyclicity of the Koszul complex. Nonetheless, let US, clS cl plausibility check, reconsider the 
system of one particle of zero angular momentum in dimension n > 3, Example [51 Here, 
the Jacobi matrix J is a (2) x 2r;,-matrix. Since the zero fibre Z is the set of points where 
p and q are proportional, it follows easily that T^J has the same rank as a certain (2) ^ ^ 
submatrix, which in fact occurs twice in T^J . With a little more effort, one may proof that 
the rank of this submatrix is in fact <n — l. Since (2) > n — 1 for n > 3 the regular stratum 
is empty here. 

For the Examples [6l [TJ [H [9] (for a < 0) and [10] we already know from subsection 12.1.51 
that condition [H) of Therorem l3.5.Tl i.e., the generating hypothesis, is fulfilled. Let us now 
check that condition [21) of Theorem 13.5.11 holds for these examples as well. For Example 
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ini i.e., the system of m > 1 particles of zero angular momentum in the plane, and for the 
(1, 1, —1, — l)-resonance. Example [H the Jacobi matrix T^J is clearly not onto iff x = 0, i.e., 
the singularity is isolated in M. Clearly, in both cases Z ^ {0} and hence condition [2l) 
is true. In the case of the 'lemon'. Example [71 an easy calculation using affine coordinates 
yields that the singular points of the moment map are precisely the fix points of the S^- 
action: ((1 : 0), (1 : 0)), ((0 : 1), (0 : 1)), ((1 : 0), (0 : 1)) and ((0 : 1), (1 : 0)). The latter two 
are isolated points in the zero level Z = J~^(0) (which is obviously nondiscrete), and hence 
the requisites of Theroem 13.5.11 are fulfilled here. 

For the T^-action of Example [H a < 0, the Jacobi matrix of J works out as follows 

/ azi azi ^3 2:3 \ 
\^ (3zi I3zi Z2 Z2 ^4 Z4 y ■ 

The set of points where this matrix has not the full rank is just the union U^^^Lj of the 
coordinate lines Li := {(2, 0, 0, 0) | z G C}, L2 := {(0, z, 0, 0) | ;z G C}, L3 := {(0, 0, 0) | z G 
C} and L4 := {(0, 0, 0, 2) | 2 G C}. Clearly, Z n U^L^ = {0} 7^ Z and hence condition d) is 
true. Finally, let us address Example [TOl i.e., the commuting variety. Let {Q,P) E S x S = 
T*S be a pair of symmetric n x n- matrices. Then the Jacob i-matrix of J applied on the 
tangent vector {V, W) E S Q) S yields 

TJ(Q,p)(\/, W) = j^[Q + tV,P + tW]\t=o = [V, P] + [Q, W]. 

It follows easily that TJ(^q p) is surjective for {Q, P) from an open dense subset of 5* x 5. In 
fact, let Q G ^rcg have pairwise distinct Eigenvalues Qi, qi ^ qj for z 7^ j. After an orthogonal 
change of the basis we may assume that Q is diagonal: Q = J^ili^u- Here, {Eij)^^ = 6ikSji 
is the matrix with the only nonzero entry 1 at the ith row and jth column. For any P E S 
we have TJ(^Q^p){Eij + -E^j, 0) = [Q.Eij + Eji\ = {qi - qj){Eij + Eji). Since {Eij + Eji)ij 
constitute is a basis for S, it follows that TJ\s,^^xs is surjective. Since {Q, P) E Z r\ S^eg x S 

Q E Sreg and P E S are simultaneously diagonalizable, the claim follows. 

The next theorem is a consequence of rather deep analytic results. The problem of 
splitting the Koszul resolution in the context of Frechet spaces has been also addressed in 
[lO] from a different perspective. 

Theorem 3.5.2. Let M be a smooth manifold, J : M ^ be a smooth map such that 
around every m E M there is a local chart in which J is real analytic. Moreover, assume 
that the Koszul complex K = K{M,J) is a resolution ofC°°{Z), Z = J~^{0). Then there 
are a prolongation map prol : C°°{Z) —>■ C°°{M) and contracting homotopies hi : Ki —>■ -ft'i+i, 
i > 0, which are continuous in the respective Frechet topologies, such that 

res 

(C°°(Z),0) ^ {K,d),h (3.57) 
prol 

is a contraction, i.e., res and prol are chain maps and res prol = id and id — prol res = 
dh + hd. If necessary, these can be adjusted in such a way, that the side conditions (see 
Appendix \A.1\) ho prol = and /ij+i hi = are fulfilled. If, moreover, a compact Lie group 
G acts smoothly on M, G is represented on and J : M — >• zs equivariant, then prol 
and h can additionally be chosen to be equivariant. 
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Proof. A closed subset X C R," is defined to have the extension property, if there is a 
continuous hnear map A : C°^(X) — ^ C°°(]R"), such that res A = id. The extension theorem 
of E. Bierstone and G. W. Schwarz, [201 Theorem 0.2.1] says that Nash subanalytic sets 
(and hence closed analytic sets) have the extension property. Using a partition of unity, 
we get a continuous linear map A : C°°{Z) — >■ C°°{M), such that res A = id. In the same 
reference, one finds a "division theorem" (Theorem 0.1.3.), which says that for a matrix 
cp e C^iWY'' of analytic functions the image of ip : C°°(R")" C°°(R")'^ is closed, and 
there is a continuous split a : im ip C°°(IR")'' such that ip a = id. Using a partition of 
unity, we conclude that there are linear continuous splits (Xj : im di+i -ft'i+i for the Koszul 
differentials : Ki^i Ki for i >0, i.e., di+iai = id. We observe that imA©im9i = Kq, 
since for every x G Ko the difference x — X resx is a boundary due to exactness and the sum is 
apparantly direct. Similarly, we show that imcxj ©im9j+2 = -^i+i for i >0. The next step is 
to show that imcXj is a closed subspace of Kq. Therefor we assume that (x„)„g]N is a sequence 
in imSj+i such that crj(x„) converges to y E -ft'j+i. Then x„ = 9j+i(jj(x„) converges to di^iy, 
since is continuous. Since di+iy is in the domain of cxj, we obtain that o"j(a:„) converges 
to aidi+iy = y & imcTj. Similarly, we have that imA is a closed subspace of Kq. Altogether, it 
is feasible to extend Uj to a hnear continuous map Ki — ^ -ft'i+i (cf [88l p. 133]). If necessary, 
A and o"j can be made equivariant by averaging over G, since res and d are equivariant. We 
observe that we have Ares|imA = id and Ares|img^ = and analogous equations in higher 
degrees. We now replace A by prol := A — SictqA and cTj by hi := ai — di+20'i+iO'i for i > 0. 
These maps share all of the above mentioned properties with A and cTj. Additionally, we 
have 5i/io|im(proi) = and 9j+2/ii+i|im(hi) = for i > 0. This concludes the construction of 
(I3.57p . The side conditions can be achieved by algebraic manipulations (see Appendix lA.ip . 
Note that these modifications do not ruin the equivariance. □ 

If the constraint surface Z is singular it seems to be hopeless to find explicit formulas 
for prol and h. However, if Z is a closed submanifold there is a general recipe [24J to 
produce such formulas. We sketch this procedure for the case of linear Poisson structure. 
Example [TTl which essentially contains already the whole idea. Recall that, if 
linear coordinates for M = f)*, the moment map is given by the projection J : M ^ g*, 
J(xi, . . . , Xn) = (xi, . . . , Xf). The zero fibre Z = J~^(0) is the linear subspace on which the 
first i coordinates vanish. The prolongation map prol : C°°{Z) C°°{M) is just 

(prol/)(a;i, . . . ,x„) := f{xe+i, . . . ,x„). (3.58) 

If / G C°°(M) and v G 6*^(9 [1]) then the contracting homotopy is given by the formula 

^ f d f \ 

^(f^)-=Ylyj dtt''-Q^itxi---^txe^Xi+i^---^Xn)j^aV. (3.59) 

By linear extension this defines the contracting homotopy h : —>■ K^^i. An easy calulation 
yields that in this case (13.571) is a contraction fulfilling the side conditions /ioprol = and 
h^ = 0. 

For completeness, we conclude this section by mentioning two consequences of the Koszul 
resolution, which are of course well known to commutative algebraists. 
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Theorem 3.5.3. Let J = (Ji, . . . , Ji) : M ^ =: V* such that the Koszul complex 
K{A,J) is a resolution oj C°^[Z^ = C°°{M)/I. Then the image of Ji, . . . , Ji under the 
projection to I /P is a free system of generators for the A/ 1 -module I / P . 

Proof. Let Ylia f^i'-^al ~ 0; wheie f^...,f^ G C°°{Z) and [Ja] are the representatives of 
the Ja's in I /P. By choosing F\ . . . G C°°(M) such that fa = Fa\z for a = 
we may rewrite this as Ylia^aJa ^ P- Defining F := -^"^a ^ Ki{A, J) we obtain 
9F = J2a,bG''^JaJb e P, for some G"'' G C°°(Af). So F - Y.abG'^^Jaeb is a 1-cycle. Since 
the first homology of K[A, J) vanishes, there is an H ■= Y^H^^CaCb G K2{A,J) such that 
F = Y.ab G^^Jaeb + dH, and thus all F\ . . . , are in /. □ 

Corollary 3.5.4. Let J = (Ji, . . . , Je) be as above. Then there are isomorphisms ofK-vector 
spaces 

Torf(A/J,A//) = ^^A/iI/P and 
Ext^(A/J,A//) - HomA/7(A^/,///2,A//) 

for all i > 0. 

Proof. In order to compute ToTf{A/I,A/I), we have to compute the homology of the 
complex {K{A, J) (8>a A/I,d (8> 1). But this is evidently the homology of the Koszul com- 
plex K{A/I,{0, . . . ,0)). The claim follows from Theorem 13. 5.31 It is easy to see, that 
Ext^(y4//, A/ 1) is the cohomology of the complex EndA{K{A, J)) with differential D equal 
to the super-commutator with d. We may identify EiadA_-^^^m(K(A, J)) = EndA_-^^^s^{Av® 
A) = End]K_Mod^(/\^) ® ^ with the Clifford algebra bundle over M with fibre AV* ® AV. 
The latter is identified with EndK(AK) using the standard representation: x E V acts on AV^ 
by left multiplication, and a E V* acts on AV by —1 times the insertation derivation i{a). 
The analog of composition in EndK(AV^) is the Clifford multiplication /io(— ^(e")(S>«(ea)), 
where ei, . . . , is a basis for V and e^, . . . , is the corresponding dual basis. Now the ana- 
log of D in the Clifford algebra is just the commutator with J2a ^a^""- The latter actually is 
the total differential of a double complex with acyclic rows and trivial columns. □ 

Actually, one can make the above statement more precise. It is well known [261 §7], 
that E-xi\{A/pA/I) is Z-graded K-algebra and Tor^(/l/J, A/J) is a graded module for 
this algebra. The isomorphisms of corollary 13.5.41 reflect this structure. The "produit de 
composition" is given up to a sign by the wedge product and module structure by insertation, 
respectively. In particular, the above isomorphisms are isomorphisms of A/ J- modules. 

3.6 The projective Koszul resolution of a closed sub- 
manifold 

Even in the regular case not every constraint surface admits a Koszul resolution. For a closed 
codimension C. submanifold C of the manifold M, we know from Theorem 13. 5. 3[ that if there 
is a Koszul complex, which is a resolution of C°°(C) then the conormal bundle of C in M 
is trivial. Since from the homological point of view projective modules are as good as free 
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modules, one may ask whether the situation improves if one also accepts projective Koszul 
resolutions. We will see that after restricting to an appropriate open neighborhood U oi C 
in M, there is a C°°(f/)-projective resolution for every closed submanifold C. 

Let TC be the tangent bundle of C and let TM\c and TM*^ be the restrictions of the 
tangent bundle and the cotangent bundle of M to C, respectively. The annihilator bundle 
fj^Qann q£ (j jg subbuudle of TM*^ consisting of all 1-forms vanishing on TC. The dual 
bundle TC"^""^* to the annihilator bundle is canonically isomorphic to TM\c/TC . It is well 
known that the space of sections of the annihilator bundle has a nice algebraic description. 

Lemma 3.6.1. The the map f i— d/c which associates to a smooth function f G C°°{M) 
its differential evaluated at the point c & C induces an isomorphism of C°°{C) -modules of 
conormal module I /P of the vanishing ideal I of C and the space of sections r°°(C, TC^"^") 
of the annihilator bundle TC'^^'^ of the submanifold C . 

Proof. For a detailed proof which uses the Koszul complex constructed below see p3j. □ 

Let us recall the tubular neighborhood theorem for the submanifold C C M . There 
exists a subfibre bundle Nc of TM\c which is complementary to TC 

TM\c = TC® Nc, 

an open neighborhood U' of the zero section of Nc which is a disk bundle over C and a 
diffeomorphism ip 

Nc D U' ^ U CM 

C 

into an open neighborhood U <Z M whose restriction to C is the identity. In fact, may 
be given as a restriction of the exponential map corresponding to an auxiliary Riemannian 
metric on M. In this way we obtain a (noncanonical) identification of Nc and TC^"^^* . 
Moreover, we have a submersion 

t:U ^C. 

Since U' is fibrewise convex it makes sense to take a convex linear combination of any set 
of points of U which lie in the same fibre of r. In particular for any t G [0, 1] we have a 
fibre preserving shrinking map '■ U ^ U, which is obtained from the convex combination 
tu + {1 — t)uo, where Uq E C G U and u are in the same fibre. 

Let V* := ker Tr be the vertical subbundle oiTU of the projection r : U ^ C. There is a 
section J G r°°(f/, V*), which we will call the tautological section, such that the submanifold 
C is the zero locus of J. It is given by the image under Tip of the Euler vector field 
G T°°{U',TNc) of the vector bundle Nc- Note that the restriction V,^ to C of the bundle 
V* is isomorphic to TC'^^'^*. 

The projective (homological) Koszul complex {K,{U, J), d) on the tautological section J is 
defined as follows. The space of chains is K,(U, J) := Sc-^{ij){y[—l]). In more conventional 
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terminology, it also may be viewed as r°°{U, A*V). The differential is the unique C°°{U)- 
linear superderivation, such that d{f) =< J, f > for all / e Ki{U, J), where < , > denotes 
the dual pairing. By augmenting this complex with the restriction map we obtain a sequence 

< — C°°(C) ^ C°°(f/) = Ko{U, J) ^ Ki{U, J) ^ K2{U, J) < — ... 

In fact, this sequence is exact, which can of course be proven locally without difficulty. We 
will exhibit explicit contracting homotopies similar to the equations (13.581) and (I3.59P for the 
linear case. For the prolongation map 

prol:=r* : C°°(C) ^ C°°(f/) 

we simply take the pull back of the projection t : U ^ C . The contracting homotopies 
hi : KiiJJ, J) Ki^iiJJ, J) for 2 = 0, 1, . . . , £ are defined by the formula (which is due to M. 
Bordemann [23 j ) 

hi{a){u) := [ dt {^;{da)){u) 
Jo 

for a G Ki{U, J) and u (z U . In order to understand the right hand side of this equation 
note that the space Ki{U, J) can be identified with the space of cochains of Lie algebroid 
cohomology with coefficients in C°^(f/) of the Lie algebroid V* := ker Ttt U, the differential 
is denoted by d : Ki{U, J) Ki^iiJJ, J). Since $t is fibre preserving, the pullback with 
respect to for differential forms descends to a well defined map $^ : Ki{U, J) — >■ Ki{U, J) 
for all i. 

Theorem 3.6.2. The maps prol and h defined as above are continuous K.-linear maps, such 
that 

res 

(C°°(C),0) ^ {K,{U,J),d),h (3.60) 
prol 

is a contraction. 

Proof. The proof can be reduced to a local computation, which is well-known. □ 
Similar to Corollary 13 . 5 . 41 we can use the projective Koszul resolution to compute 

Exfcoo(t;) (C°°(C),C°"(C)) = r°°(C,A*TC""'^*). 

3.7 Projective Koszul- Tate complexes 

For the moment, let A be an arbitrary commutative K-algebra, think of it as the algebra of 
smooth functions on a manifold or the algebra of germs of real analytic functions etc., and 
/ be an ideal in A. In the spirit of the preceding subsection we will need the notion of a 
projective presentation of an A-module W, that is, a short exact sequence of A-modules 

V ^ W ^ 0, 
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where V is a projective A-module. It is called finite if V is finitely generated. We will call J 
a system of projective generators for W. A typical example is the tautological section of the 
preceding subsection, which is a system of projective generators for the vanishing ideal of 
the submanifold C. In the following we will be exclusively interested in the situation, where 
either 

1. y4 is arbitrary, but V is a finitely generated free A-module, or 

2. A = C°°{M) and V is a finitely generated projective A-module, i.e., the space of sections 
of a vector bundle V over M. 

In any case, there is a good notion of a basis for V. In case El this will be a local frame for 
V. 

Generalizing the notion of Koszul resolution for modules over a (commutative) Noetherian 
ring, Tate [97] introduced what is nowadays called a Tate resolution. For an exository article 
on the theory of Tate- resolutions for Noetherian (local) rings we refer to P, section 6 and 7] . 
Since we are concerned with the case Q C K we can use a slightly simplified version of this 
construction (we replace the algebra of divided powers by the symmetric algebra). On the 
other hand, the ring of primary interest for us, A = C°°{M), is not a Noetherian local ring. 
Therefore, it makes sense to slightly generalize the construction by considering projective 
Tate generators. The potential of Tate resolutions for being useful in phase space reduction 
has already been recognized by the theoretical physicists Batalin, Fradkin and Vilkovisky in 
the early 80s [71 HOl [H |8] . In [95j Stasheff recognized that their "ghost for ghost" procedure 
and that of Tate [97| essentially coincide. Traditionally in the mathematical physics literature 
Tate resolutions are called Koszul- Tate resolutions. 

A projective Koszul- Tate resolution of the ^-module A/ 1 is a direct limit of a directed 
system of projective Koszul- Tate complexes (/TT,-*, 9-*) of level i > 1. These are defined 
inductively as follows. The (nonunique) projective Koszul- Tate complex of level i > 1 over 
the module A/ 1 for an ideal / of the commutative ring A is a complex {KT^^, d-^) 

^ A = KT^' KT^' KTf i ^ KT^' ^ KTg^^ ^ 

such that 

1. KT^^ is the degree k part of a graded symmetric algebra Sa{V-^) generated by an 
N-graded projective A-module V-* = ®]=iV^ ■ 

2. d-^ is an A-linear derivation of KT-' = 5'^(V-''). 

3. The restriction map res : A —>■ A/I gives an isomorphism Hq KT-^ = A/I. 

4. KT^^ is acyclic up to degree i — 1, that is KT-^ = for = 1, . . . , i — 1. 

5. For all i < j the obvious injections KT-^ — > KT-^ are maps of supercommutative 
differential graded K-algebras. 

6. For i = 1 the restriction J(i) of d-^ to = KT^^ is a projective presentation of the 

dule /. For i > 2 the restriction J(i) of d^' to V* C KT^' is a system of projective 
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generators for the A-module Hj KT-^. More precisely, we lift a projective presentation 
V of the A-module Hj_i KT-^^^ to the space of cycles 




(3.61) 



^ Bi_i KT^^-^ ^ Z,_i KT^'-^ ^ Hi_i KT^'-^ ^ 0. 





The elements of are called Tate generators of level j. In physics they are called antighosts 
of level j. Note, that {KT^^^d-^) coincides with (a projective version of) the usual Koszul 
complex for A/I . The process described by diagram ( 13.6ip . which is called by the physicists 
the "ghost for ghost" -procedure, is named by the commutative algebraists "killing cycles by 
adding variables" . 

Given the data (iiTT,-*, 9-*) for i = 1,2, .. . there is a unique differential d on KT, : = 
>S'A(©j>iV*) such that the obvious injections {KT^\d-'^) {KT,,d) are morphisms of 
super commutative differential graded algebras. By construction it is a projective resolution 
of A/ 1 and will be called the Koszul- Tate resolution henceforth. Sometimes we would like 
to stress the dependence on the ring and the presentation J = J(i) of the ideal / and will 
write in this case KT, = KT,{A, J). 

Even though the above definition applies quite generally, there seems to be no a priori rea- 
son for the Koszul- Tate complexes to be complexes. We still have to convince ourselves that 
the operators 9-* and d are of square zero. At this point we use a (local) basis . . . , 
for the A-modul^ V* for i = 1,2, . . . . The Koszul- Tate differentials d-^ and d are given by 
the (local) formulas 



d 



9^- = E5:4"-B. (3.62) 

j=l a=l ^^Sa 



CO <ij 



d 



3 = EE-^i"7Tc«. (3.63) 

j=l a=l '-'Sa 



where Jp\ . . . , jIJ"* G KTf\ ^ are the components of the map J(j) in diagram (13.611) . We 
proof by induction that d-^ is of square zero for i = 1,2,.... For i = 1 this is obvious. For 
i > 2 we obtain 

= (a^-V + t + t ' = 0. (3.64) 

o=l "^Sa a,b=l "^Sa 

In the above formula the first term on the right hand side vanishes by induction. The second 
term vanishes due to diagram (13.611) . Finally, the third term vanishes since . . . , J^^^ G 



*Let us assume for convenience that it is finitely generated. 
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KT^^ ^ clearly do not depend on ^| , . . . , Since for every homogeneuos x G KTk there 
is an i G N such that x is in the subcomplex KT^^ we conclude that = 0. It seems to be 
an interesting question, whether equation (13.641) holds in more complicated situations. 

Obviously, the Koszul-Tate resolution of A/ 1 is nonunique. However, if {A,m) is a 
Noetherian local rin^(e.g. the ring of germs of real analytic functions), then there is a 
distinguished Tate resolution, the so-called minimal model of A/ 1, which is uniquely deter- 
mined up to isomorphism of differential graded algebras P, Proposition 7.2.4]. Moreover, 
the number of Tate generators is bounded from below by invariants of the ring {A,m.), the 
so-called deviations. The lower bounds are realized by the minimal model [6l Proposition 
7.2.5]. The deviations can be read off from the Poincare series of A/ 1. It is known [5] for the 
important example [5] of one particle in dimension n > 3 with angular momentum zero that 
the number of Tate generators grows exponentially with the level (in the polynomial setup 
one can show that A/ 1 is a Golod ring). In fact, due to the rigidity theorem of S. Halperin 
j57j we know that if A/ 1 is not a complete intersection, then none of the deviations vanish. 

Before we show that in the case of moment maps there are reasonable Koszul-Tate reso- 
lutions let us introduce some terminology. If there is a smallest integer L such that V* = 
for all i > L, then KT, is said to be finitely generated of level L. Otherwise it is said to be 
infinitely generated. It is clear from what is said above that, in general, there is no reason 
to expect that the Koszul-Tate resolution of a singular moment map is finitely generated. 
More reasonable is the following property. The Koszul-Tate resolution is said to be locally 
finite if all the modules Vj are finitely generated projective 74-modules. In this case the rank 
of the projective module KTi can be recursively determined from the ranks of the projective 
modules V\ 1 < J < ^ according to the product formula 

5^rank(irT,) f = l[{l- --^(v^). (3.55) 

i>0 j>l 

The product on the right hand side converges in the t-adic topology of ^[[t]]. If all the 
modules Vj are free A-modules, we say that the Koszul-Tate resolution is free. 

Proposition 3.7.1. Let J : M ^ q* he the moment map of a linear Hamiltonian action of 
a compact Lie group G on the real symplectic vector space M . Moreover, suppose that J gen- 
erates the vanishing ideal Iz C C°°(M) of the zero fibre Z = J~^{0). Then there is a locally 
finite free Koszul-Tate resolution {KT, = KT,{C°^ {M) ., J) ., d) of the ring of smooth func- 
tions C°^{Z) in Z and a continuous contracting homotopy h : KT, —>■ KT,^i, a continuous 
prolongation map prol : C°°(Z) KTq, such that 

res 

(C°°(Z),0) ^ {KT,d),h (3.66) 
prol 

is a contraction. 

Proof. First of all, let us identify M with R^" and note that the components of the mo- 
ment map are quadratic polynomial functions with respect to the canonical coordinates. 

^In this case all projective modules are free. 
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Since ]R[xi, . . . , X2n\ is a Noetherian ring, there is a free locally finite Koszul-Tate resolution 
KT,{Wi[xi, . . . , X2-n\)-, J) of the ]R[xi, . . . , X2n]-algebra ]R[xi, . . . , X2„]/ < Ji, . . . , > (see [6]). 
According to subsection 12. 1.51 the latter is nothing but the coordinate ring of the real- variety 
determined by J. The complex fCT,(C°°(M), J) we are looking for is obtained by tensoring 
the complex i^T,(]R[xi, . . . ,X2n]), J) with the ]R[xi, . . . , X2n]-niodule C°°(M), and we have 
to show that this complex is still a resolution of the C°°(M)-module C°°{Z). By a standard 
result [l5l Theorem 7.2] for every x e M the ring of formal power series J^^ around x, being 
the completion of the real polynomial ring with respect to the maximal ideal corresponding 
to X, is a fiat ]R[xi, . . . , X2n]-niodule. Next, JF^ is a faithfully flat C^(M)-module [73l Propo- 
sition III 4.10]. We conclude that KTi{C[^ (M) , J) is exact for i > 1. Using a partition of 
unity and the fact that C^(M) is a (faithfully) fiat C^(M)-module [73i Corollary VI 1.12], 
it follows that KTi{C°°{M), J) is exact for alH > 1. It remains to proof the existence of 
the continuous prolongation map and the contracting homotopies. But this follows from the 
results of Bierstone and Schwarz [20] precisely along the lines of the proof of Theorem l3.57[ □ 

We expect that the conclusion of the above proposition holds for essentially all moment 
maps of compact Hamiltonian group actions on symplectic manifolds. 

3.8 The BRST-charge 

We are now ready to introduce the BRST-algebra, which will turn out to be a differential 
graded Poisson algebra {s^v, { , }r, T^) ■ To this end, we view the space of chains KT = SaV 
of Koszul-Tate resolution of the preceding section as a generalized graded manifold with base 
manifold M. Note that in the infinitely generated case the Koszul-Tate differential is clearly 
not a derivation of finite type. We will therefore not use the module of finite type derivations 
in this section. The Z-graded algebra ^ = ©jg^i^^ underlying the ghost- cotangent space 
of KT = SaV is given by 

-^v = n ^^'^^ ® ^'^r (3-67) 

Here we have used the shorthand notation 

KT^ := {SAV*y 

for the degree j part of the symmetric algebra SaV* over the (positively graded) module 
V* = ©i>iV**, which is dual to the module of Tate-generators. We will use local frames 
. . . for the modules V**, the so-called momenta of level i or ghosts of level i, which 

are dual to the Tate generators \ . . . , of level i. 

The Koszul-Tate differential of the preceeding section naturally extends to a derivation 

^ = J2I1 Ja'>-U). Ji'^ e KTj^_^,-' for a = 1, . . . i, (3.68) 

7=0 a=l ^Sa 
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of tlie algebra Slightly abusing the language, we introduce the filtration by ghost degree 
F^s^v = ®i^^F''s^-^, where 

F^s^:^ = JJ KT+^ ® KTj (3.69) 

i+j>k 

F^s^xi can be identified with the space of endomorphism which annihilate Q^Z^KTi. The 
spaces F^£^-\; form a descending Hausdorff filtration 

FVv = j^v^ F^s^v D ■ ■ ■ D F'^s^v 3 F^+^j^v 3 . . . , (3.70) 

which is preserved by the supercommutative multiplication: F^s^y F^s^y C F^^^s^/y. A 
K-linear map 99 : s^y — ^ ^ is said to be of filtration degree I if ip{F^£^-\;) C F^^'^s^-^. 

In Section we have introduced the Rothstein bracket { , }r. In the finitely generated 
case we have seen that {, }r defines a Z-graded super- Poisson bracket on s^y. In the infinitely 
generated case a full proof of the Jacobiidentity has yet to be given. In the following we 
postulate that the Jacobiidentity fulfilled. (Curiously, for the construction of the BRST- 
charge we will merely use the Jacobiidentity for the approximating brackets defined below). 
The filtration by ghost degree and the Rothstein Poisson bracket { , }r are, in general, not 
compatible in the following sense: there is no r e N such that {F^ s/^ , F^ s/^} r C F'^+'-Wy 
for all /c, / G Z. This phenomenon is due to the algebraic part of the bracket: a ghost of 
arbitrarily high level can be killed if it is paired with an antighost of the same level. The 
geometric part of the Rothstein Poisson bracket, however, is filtered: [[11, F'^^], F'^] C 
F^^^s^y (here [ , ] denotes the Schouten-Nijenhuis bracket). 

In order to prove the main result of this section. Theorem 13.8.11 below, we need a more 
refined analysis, which we will explain next. For free Tate resolutions Theorem 13.8. II is a well 
known result, which goes back to [TJ [TOl [9l [8]. The first rigorous proof seems to be due to J. 
Stasheff and is sketched in ^95j. We have also benefited from the more elaborate exposition 
in ^64j. The refinement consists in examining successively the level i BRST algebras .e^<, 
together with the level i Koszul-Tate differentials 

j,=0 a=l ^^Sa 

and their level i Rothstein Poisson brackets, which will be denoted by { , }<j for i = 1, 2, . . . . 
In this manner we obtain a family of differential graded Poisson algebras 

}<.)^^^_, . (3.72) 

For i < j the inclusion s^-^<i ^ s^y<] is a map of differential graded commutative algebras, 
which is compatible with the filtration by ghost degree. We emphasize that, due to the 
presence of curvature, £/y<i ^ =2^<j is, in general, not a Poisson subalgebra! The same 
remarks apply to the inclusions =e^<i sz/y for i = 1,2,.... 

Theorem 3.8.1 (Existence of the BRST-charge). Let Z (Z M be a first class constraint set, 
and let I := Iz C C°°{M) =: A be the vanishing ideal of Z . Furthermore, let {KT,{A, J),d) 
be a locally finite projective Koszul-Tate resolution of the A-module A/L Let s^y be the 
corresponding BRST-algebra together with the Poisson bracket { , }r. Then there exists an 
element 9 G such that 
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{^) }r = d + higher order terms, 



2. {e,e}n = Q. 

Here, "higher order terms" stands for a K-linear derivation of filtration degree 1. 

Proof. We will construct 9 by induction. To this end we make the following Ansatz 
0<i := Z]j=i^j> where 

Oj = Y.JaHtj) + Q^,)^<^.. (3.73) 

a=l 

such that G KT^'^^ KT^-' . Note that is at least quadratic in the momenta. We 
will show that the Q{i), i = 1,2, . . . , may be successively chosen, such that 

for alH = 1, 2, . . . . From the Ansatz fl3.73p it is clear that the 6i add up to a well defined 
6 = Yl^i^j ^ -^v- -^y argument similar to that in equation f l3.8ip below we conclude 
that 

{0<^, e<:,}n - {e<:„ ^^<,}<, G V^J. (3.75) 

Since the filtration by ghost degree is Hausdorff we obtain {9, 9}r = 0. 
First of all, let us take a closer look at the derivations 

T^-' ■■= {0<^^ }<^ ^ 

for i = 1, 2, . . . . In fact, the operators are (as we will see in a moment) of filtration 
degree 0. We decompose them into its homogeneous components P-* = ^JLo T^f^ (see also 
diagram fimi below), where Vf{KT^^ ® KTf) C KT'^^ ® KTf^-_^ for all k,l>Q. A 
crucial observation is that the term of lowest order in this decomposition is exactly the level 
i Koszul-Tate differential 

d^' = Vf. (3.76) 

This can be proven as follows. As we have already indicated, the part of T>-^ which originates 
from the geometric part of the Rothstein bracket, which equals — [9<i, [n<j, ]], is of filtration 
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degree 1. Therefore, we have for every a G F^s^^^^ 



d d 

, a 



j=l a=l 



7=1 a=l 1=1 ^U) '^Sa 



(*) 



i=l j=l a=l ^0) "^Sa 



1=1 j=l a=l ^0) f^Sa 



At step (*) we have used the fact that since is at least quadratic in the momenta 
5Q(0/^^0) e FWJ</. We claim that the remaining terms in equation fl3.77p are also in 
F'^+^s^^ti^. In fact for j + 1 < / < 2 we have 

n^(0 e {F'-^K<')(<<'-~^'''')i^'<^^) C (3.78) 



Finally, for j < / < i we have 



I^Sl ^ (^'^-^■<^/)(^'^'<'^^) C (3.79) 
^(i) 



and the proof of equation (13.76^ is finished. 

In order to start the induction we look at the projective presentation 

= KTi —^^ 1^0. 

Since the ideal / is first class the term ri of lowest order in ^{J(i), J{i)}<i vanishes when 
restricted to Z . By definition of the Koszul-Tate resolution there is a 
such that ri = — (9-^Q(i). Setting = 9i = J(i) + Q(i), we obtain 

{Oi,Oi}<i = {-^(i), -^(i)}<i + 2 {J(i), (5(i)}<i + {<5(i), Q(i)}<i 
e {J(i), J(i)}<i + 29^^gi + FVv<i 
G 2ri + 29^^Q(i) + FVv<i 

and we are done. Note that we may write the system of projective generators in local coor- 
dinates J(i) = Yl^a=i Since the ideal is first class, we have jj,^^} = Yl^c=i fab j'c^ 
for some (nonunique) functions /^^, the so-called structure functions. Locally, we can write 
in terms of the structure functions: Q(i) = -\ YL^a,h,c=\ fab C(i)^{i)^c^^ ■ 
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Let us now assume that the Ansatz (13.731) fulfills equation fl3.74p for i. We are looking 
for a Q{i+i) such that equation (13.741) is true for i — > i + 1. Taking advantage of the Jacobi 
identity for the bracket { , }<i 

= {0<i, {d<i, d<i}<i}<i = T^~^{d<i, 9<i}<i, 

we deduce 

oo 

Let Ti G KT^^^KT^^ be the term of lowest degree in ^{0<i, 6'<j}<j. It follows from equation 
frajj) that " 

d-'n = 0. 

By construction of the Koszul-Tate resolution there is a Q(i+i) e KTi,f(g)KTg^+\ such that 

Setting 61^+1 := Yla=i Ja'^^^^ii+i) + Q{i+i) we have to make sure that {d<i+i,6<i+i}<i+i G 
F^+^^^^,+,. First of all, note that 

a=l 

We conclude that (9-^+^ft;+i + \{e<i,e<i}<i G F^+^^Z^^^, c F'+^^/^^^^+i. It is important to 
note that from the very definition of the Rothstein Poisson bracket we have 

{0 <i, d <i] <i j^i — {6 <i, 6 <i]<i G F*^^,2^<i+i. (3.81) 

More precisely, this difference does merely originate from the geometric part of the Rothstein 
Poisson bracket. The lowest order contributions involve the curvature of the vector bundle 
y*"*"^ of level i + 1 Tate generators and are generated by for a, 6 = 1, . . . , ^j+i 

and c = 1, . . . ,£i. As a result we obtain 

{d<i+l, ^<i+l}<j+l = {^<i) ^<t}<j+l + 2 {0<i, 6'j+i}<j+i + {^^i+l, 9i+l}<i+l 

= {0<i, ^<i}<j+i + 2 T)-'^'^^ (9i+i) — {9i+i, ^i+i}<i+i 

e {0<i, 6<i}<i + 2 V-^^^ {6i^i) — {9i+i, ^^j+i}<t+i + F*^^^y<i+i 

oo 

G 2 ^Pj*^^(^^i+i) — {^^i+i, ^^i+i}<i+i + F*'^^^y<i+i. 
i=i 

From the very definition (I3.73P we see that 6i^i G F*+^i2^^<i+i. Since Xljli^f '^^ fil" 
tration degree 1 we obtain EJli ^^f ^^(^i+i) ^ F'+^£^^^,+,. □ 
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The element 6 is called the BRST charge. Note that in the case of a moment map J = J(i) 
the first two terms of the series for the charge read 

9l = X^'^a^ri)~2 ^ fab 

a=l a,b,c=l 

a=l 

where /^j, are the structure constants of the Lie algebra g. In other words, the quadratic term 
Q(2) vanishes in this case. On the other hand, in the case of a projective Koszul- resolution 
(cf. section 13.61) the 6i for 2 < i < i consist merely of the quadratic term (here we have of 
course 9i = for i > i) . 

Associated to the charge there is a homological Hamiltonian vector field 

V := {6, }r 

which is called the BRST differential. Although the homogeneous components of are 
not direct sums, there is a unique decomposition V = Yl°^o T^i = d + Yl'iLi of the BRST 
differential, such that Vi{KT^ KTk) C KT^+' ® KTk+i-f. 

(3.82) 




The equation T)^ = translates into a sequence of relations, starting with 

= (3.83) 
dVi+Vid = (3.84) 
dV2 + V2d + Vl = 0. (3.85) 

The restriction map res : C°°(M) — * C'^{Z), which is an augmentation for the Koszul- Tate 
resolution extends to a degree zero map 

res : KT^z- (3-86) 

Here, KT'^ is the space of smooth sections of the restriction of the bundle of ghosts to Z and 
res is defined to vanish on antighosts and acts on ghost by restricting the coefficients. By 
definition the smooth sections of this bundle are those which arise by restriction. Hence the 
restriction map res is onto. Therefore, the formula dies = res Pi defines uniquely a K-linear 
degree 1 map KT* KT'^K If Vl is evaluated on an element containing no antighosts. 
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the result will be, due to equation (13.851) . in the kernel of res. It follows that (f = 0. We 
will call the cochain complex 

the vertical complex. A priori the vertical complex depends upon choices made for the space 
of generators V, for the connection on V, for the differential d, for 6 and for prol. It is 
conjectured that the homotopy class of the vertical complex - in a sense yet to be specified 
- does not depend on these choices. The cochain complex {KT*^, d) is well understood 
for certain special cases (see section [3^ and section [3.101) . It may be shown by a spectral 
sequence argument, that res is in fact a quasiisomorphism of complexes (see also Figure 
3.1). In fact, if we are given a continuous prolongation map prol : C°°{Z) —>■ C°°(M) and 




Figure 3.1: The map res is a continuous quasiisomorphism from the BRST complex to the 
vertical complex, which has a continuous split. Hence the zeroth cohomology algebra of the 
BRST complex is toplogically isomorphic to the space of invariant functions C°°{Zy , i.e., the 
Dirac reduced algebra of the first class constraint. We emphasize that the BRST complex 
is, in general, not a double complex. 



continuous contracting homotopies hi : KTi KTi^i for the Koszul-Tate resolution we can 
be more specific. Note that these maps naturally extend to maps prol : KT'^ —>■ KT* and 
hi : KT* (g) KTi KT* ® KTi+i. 

Corollary 3.8.2. Assume that the premises for Theorem \3.8.1\ are true and, in addition, 
we have a contraction 113. 66\) as in Proposition \3.7.1\ Then there are continuous K-linear 
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maps $ : KT,*2 



\z 



£/' and H : 



s^Z^^ such that 



res 



(3.87) 



is a contraction. If [a], [b] G B.KT\z are the cohomology classes of the cocycles a,b & ZKT\z, 



then 



{[a],[b]}:= [res{$(a),$(6)}«] 



(3.88) 



defines a "L-graded Poisson algebra structure on }l*KT\z- In degree zero Y{^KT\z = C°°{M)^ 
this Poisson structure coincides with the Dirac reduced Poisson structure. 

Proof. We apply perturbation lemma lA.l.ll to the contraction fl3.66p and obtain the con- 
traction fl3.87p . It is a straightforward matter to check that the bracket is well defined. The 
Jacobi identity follows immediatly from the computation 



{[a],m,m 



res {<l>(a), $(res{$(6), ^{c)}r) } 



R 



res{<l>(a),{<l>(6),$(c)}^}^ - res {$(a), OT{$(6), <l>(c)}^} 



R 



res {$(a), H^db), $(c)}h + Hi^b), $(rfc)}^}^ 
res{<l>(a),{<l>(6),$(c)}^}J - [rfres {<l>(a), /7{<l>(6), <l>(c)}^}^ 
res{<l>(a),{<l>(6),$(c)}^}^ 



for cocycles a,b,c G ZKT\z- The Leibniz rule is a consequence of the following consideration. 
Given two cocycles 6, c G Z KT\z the difference A := $(6c) — $(6)$(c) is, in general, nonzero 
since $ (as well as prol) is not multiplicative. Nonetheless, because res is multiplicative and 
res $ = id, we have A G ker(res). On the other hand, it is closed, since $ is a chain map. 
It follows that A = {VH + HV + $res)A = V{H{A)) is a coboundary, and consequently 

{[a],[b][c]} = [res{<I>(a),$(6c)}H] = [res{$(a), <I>(6)<l>(c)}^J + [rfres{$(a), i/(A}«] . 

^ V ' 

=0 

Since in degree zero the differential d : C°°{Z) KT\z given by the formula d{a) = 
res{ J(i), prol(a)}/j, it is clear that }i^KT\z is the space of / invariant smooth functions on 
Z. In order to see that the induced bracket on }i^KT\z is the Dirac reduced bracket, note 
that the image $(a) C prol(a) + F^s^^ of a function a G C°°(Z) starts with prol(a). Since 
{F^s^^,F^£^^}r C C ker(res) and {C^ {M) , F^ s^^} r C F^^/^, the higher order 

terms do not contribute, and the reduced bracket of two invariant functions a, 6 G C°°(Z)^ 
is given by the formula {a, 6} = resjprol a, prol 6}. □ 

We would like to stress that the algebraic properties of the contraction fl3.87p which 
enable us to transfer the Poisson structure are: 1.) the right hand side is a differential 
graded Poisson algebra and 2.) res is a map of graded commutative agebras. 
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3.9 Coisotropic submanifolds 



First class constraint sets, which are closed submanifolds are, per definition, coisotropic 
submanifolds. It can be easily seen that a closed submanifold C of a Poisson manifold 
(M, n) is coisotropic iff 

n(a, (3){c) = Vc G C, Va, /3 e TC"'"''. (3.89) 
Another equivalent characterization of coisotropy of the closed submanifold C is that 

^^^y^ann^ C TC, (3.90) 

where T^n is the restriction to C of the anchor map T^n : T*M — ^ TM, jj^ii{a) = i{a)Il of 
the Lie algebroid associated to 11. It is well-known that #n in equation f l3.90p is an anchor 
map of a Lie algebroid over C. The bracket on TC^'^^ (cf. Lemma 13.6.11) is given by the 
formula [d/, d^fjic := d{f,g}\c, where cE C and /, (7 G C°°(M) are functions vanishing on C. 

Coisotropic submanifolds arise naturally in many geometric situations. For example, the 
graph of a Poisson map (p : M ^ N is a coisotropic submanifold in M x N, where N 
means N understood with the opposite Poisson structure. Furthermore, if J : M — g* is 
the moment map of a Hamiltonian G-action and if J intersects the coadjoint orbit O (Z q* 
cleanly, then J^^{0) C M is a coisotropic submanifold. 

Given a coisotropic submanifold C C M there is an important subspace j£(C, M) of the 
Gerstenhaber algebra of polyvector fields X(M), which is defined as follows: 

X\C, M) := Ic = {fe C^{M) I /|c = 0}, and 

X*^(C,M) := {X G X'=(M) I X,(ai,...,afc) = Vc G C and G TcC"^"° } 

for k>l. Moreover, we consider the canonical map ^ : r°°(M,TM) T°^{C,TM\c/TC), 
which restricts a vector field to C and takes the residue class of the result modulo TC. After 
identifying TM\c/TC with the dual of the annihilator bundle we obtain a map 

a'^^ : X^M) r°°(c, a'^tc^'^'^*). 

The latter space is just the space of cochains of Lie algebroid cohomology of TC^^^. In fact, 
it follows from the next proposition that X(C, M) is a coisotropic ideal in the differential 
Gerstenhaber algebra (X*(M), A, [ , ], Su), in the sense of the definition which was given in 
subsection 13.21 It is a curious fact that in this picture the Poisson tensor is a 'first class 
constraint' by itself. 

Proposition 3.9.1. X(C, M) has the following properties: 

1. X{C, MY A X^{M) C X*+^'(C, M), 

2. [X\C,M),X^{C,M)] c X'+^-\C,M), 

3. 5nX*(C,M) C X'+\C,M) 

for all i,j > 0. Moreover, A^"^ is onto and the kernel 0/ A'^\1/ is just X^(C, M) for all k > 0. 
Thus, we can identify the quotient space X^(M)/X'^(C, M) with r°^(C, a'=TC'^^°*) for all 
k > 0. The induced differential on r°°(C, A*^TC"^'^°*) coincides with the differential of Lie 
algebroid cohomology. 
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Proof. [H) and [21) follow from the formulas (13.131) . (13.141) and Theorem 13.2.41 since for the 
Lie Rinehart pair {C°°{M),r°°{M,TM)) the Gerstenhaber algebras of polyvector fields and 
multiderivations coincide. Note that for [2l) one also makes use of Lemma [3.6.11 Statement 
[31) is a consequence of [H). The claim that A'^\E' is onto can easily be proven by a partition 
of unity argument. The last statement follows straightforwardly from the fact that the 
Koszul-Brylinsky bracket of two exact forms df and dg is given by d{f,g}. □ 

Corollary 3.9.2. There is a natural Tj-graded super-Poisson structure on the cohomology 
of the Lie algebroid TC^^'^. The induced Poisson strucure in degree zero coincides with the 
Dirac reduced bracket. 

Proof. Use the derived bracket of Theorem I3.2.2[ □ 

Alternatively, we could use a projective Koszul resolution (I3.60p of C°°(C) for some tubu- 
lar neighborhood [/ of C in M and the construction of Section [3l8l to aquire the cohomology 
of the vertical complex KT\c with a Z-graded super-Poisson structure according to formula 
(I3.88p . It is not difficult to prove that the vertical complex coincides with the cochain com- 
plex of Lie algebroid cohomology of the Lie algebroid TC^^'^ as above. However, it is not 
clear to the author whether the Z-graded Poisson structure of formula (13.881) coincides with 
that of Corollary 13.9.21 Moreover, these Poisson structures still have to be compared with 
the Poo-algebra structure on the vertical complex which has been introduced in [31] . 

3.10 Classical BRST-algebra for Hamiltonian group ac- 
tions 

In the remainder of this work we will exclusively be concerned with the following important, 
and most simple, special case of the BFV-construction. We will consider a Hamiltonian G- 
space M, G compact and connected, with a moment map J : M ^ g* for which the Koszul 
complex 

K.. = K_.{C^{M),J) = S-.(M)(0[1]), d = J2JaT^, (3.91) 

a=l 

is a free resolution of the A := C°°(M)-module C°°{Z) of smooth functions on the zero 
fibre Z = J^^(O). Here . . . , denote a basis for g[l] and . . . , ^ the corresponding 

algebraic vector fields on the graded manifold S'^(g[l]). We have readily seen in Subsection 
12.1.51 and Section [331 that the Examples [6l [3, [HI [9l for a < and [TOl provide in fact examples 
of such moment maps. 

Since we do not need to mention the level here, we will simply call the elements of 0*[— 1] 
and g[l] ghosts and antighosts, respectively. Dually to the basis ^i, . . . , for ^[1], we also will 
need a basis . . . , for 1]. The respective indices will run over latin letters: a, 6, ... . 
Since all ghost variables are purely odd, we will identify the BRST algebra =2/ := =2^, where 
V = (M, 0[— 1] X M) is the space of sections of the trivial vector bundle with fibre s[— 1], 
with the space of polynomials in the ghosts and antighosts: 

^ = ^a(b[i]©01-i]). 
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Alternatively, we could identify with the space of sections of the trivial vector bundle 
over M with fibre A(g © g*) = Ag* ® Ag understood with the appropriate grading. There is 
an even graded Poisson bracket on S'k (g[l] © g*[— 1]), which is defined by the formula 

{„, = -2, o g A » A + A « Aj („ « (3.92) 

Here, \i denotes the super-commutative multiphcation in S'k (g[l] ©g*[— 1]) and ® is the 
graded tensor product. This Poisson bracket is the unique even super-Poisson bracket such 
that {Ca,C*} = 25^ and {^a,^b} = = {r,^''} for all a, = Note the slight 

change of convention: the above bracket differs from Rothstein bracket by a factor of 2! If 
f,g e C°^{M) and v,w e S^k (g[l] © g*[-l]), then the formula 

{fv.gw} := {f,g}vw + fg{v,w} (3.93) 

defines a super-Poisson bracket on 

From the Lie bracket of g and the moment map we build the so-called BRST-charge 

^-■=-\ll fab mc + Yl '^'^^^ ^ (3-94) 

where the /^^ are the structure constants of g. An easy calculation yields {6, 6} = 0. In other 
words, the recursion of Theorem 13.8.11 breaks off after one step here. Hence, the classical 
BRST- differential 

V:={9, } 

is in fact of square zero. Summing up, we obtain a differential graded Poisson algebra 

(^,{,},P = {0, }), 

which is called the classical BRST algebra henceforth. 

Closer examination shows that (^, T>) is the total complex of a certain double complex. 
In fact, there is a canonical identification = S'A(g*[— 1]) © S'A(g[l]) = C* (g, 5'A(g[l])), 
where the latter denotes the space of Lie algebra cochains with values in the g-module 
5'Ag[l]. This representation will be denoted henceforth by L. In this way = (B^j^q^^'^'^ 
acquires a Z x Z -grading 

The differential of the Lie algebra cohomology 6 : ^^'^ ^^^^'^ corresponding to the 
g-module S'A(g[l]) can be writen as a super-differential operator 

1 V d Q 

a,b,c a,b,c a 

The Koszul-differential d = Yli.=i '^a^ extends naturally to a differential d : sz/^'^ 

Because J is equivariant, these two differentials super-commute: 85 + 58 = 0. An easy 

calculation yields that 

V = 28 + 5. 
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We will view X> as a perturbation (see Appendix lA.ip of the acyclic differential 2d. 



We extend the restriction map res to a map res : Sc^{z){d*[—^]) by setting it zero 

for all terms containing antighosts and restricting the coefficients. In the same fashion, we 
extend prol to a map Scoc(^z)iQ*[—'^]) ^ extending the coefficients. 

Since the moment map J is G-equivariant, G acts on Z = J~^(0). Hence C°°{Z) is a 
g-module, this representation will be denoted by L^. Note that = res Lx prol for all 
X e 0. We identify Sc°°{z){.Q*[—'^]) with the space of cochains of Lie algebra cohomology 
C«(g,C°°(Z)). Let us denote d : C'{g,C°°{Z)) ^ C"+i (g, C°°(Z)) the codifferential of Lie 
algebra cohomology coresponding to L^. Since res is a morphism of g-modules we obtain 
d res = res 6. 

Theorem 3.10.1. There are K-linear maps $ : C"(g, C°°(Z)) £/' and H : £/' ^ £/—'^ 
which are continuous in the respective Frechet topologies such that 

res 

(c'{Q,C^iZ)),d) ^ i^\V),H (3.95) 

is a contraction. 

Proof. Apply lemma lA.Lll to the perturbation T> of 2d. Explicitly, we get 

H = -hj2{-^yih6 + 6hy, 

$ = prol —H{6 prol — prol d), 

which are obviously Frechet continuous. Note that from /iprol = and /i^ = it follows 
that = and = 0. If prol is chosen to be equivariant, then the expression for $ 
simplifies to $ = prol. In the same way one gets H = ^h, if h is equivariant. □ 

Corollary 3.10.2. There is a graded Poisson structure on H* (g, C°°(Z)) . // [a], [b] are the 

cohomology classes ofa,b G C* (g, C°^(Z)) , then the bracket is given by 

{[a],[b]}:= [res{<|.(a),<|.(6)}]. 

The restriction of this bracket to II°(g, C°°(Z)) = C°°{Z)^ coincides with the Dirac reduced 
Poisson structure. 
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Chapter 4 

Quantum BRST reduction 



In this chapter we will construct a deformation quantization of the classical BRST algebra 
for the situation, when the moment map satisfies the generating and complete intersection 
hypothesis, cf. section I3.10[ In order to define the quantum BRST algebra it is sufficient to 
assume that there is some quantum moment map, which deforms the original moment map. 
It has been observed in [2l] , that it is most convenient to use for the ghost variables the so- 
called standard ordered Clifford multiplication instead of the Weyl-ordered multiplication, 
since this renders the quantum BRST-complex a double complex. We will see that the 
quantum Koszul differential can also be found using standard homological algebra. This 
entails that the quantum BRST-algebra can essentially be viewed as an Ext-algebra. We 
are able to compute the BRST-cohomology if 1.) the star product is assumed to be strongly 
invariant or 2.) the group is compact and semisimple. In both cases we find deformation 
quantizations for the classical reduced algebra. In these cases continuous star products, 
which deform the reduced Poisson algebra, can be found. 



4.1 The quantum BRST algebra 

In this section we will introduce the quantum BRST algebra, which is K[[z/]]-differential 
graded associative algebra (=2/*[[z/]], *, X>) deforming the differential graded Poisson algebra 
{, }, In order to define a graded product * on j/[[z/]], we use on the one hand a 
formal Clifford multiplication 

v-w := ij{e~^'' ^''^^^{v ^w)) 

= vizM! V f-iyi^i — — (41) 



for homogeneous v,w e S-k{q[1] © g*[— 1]). Here /z denotes the super-commutative multi- 
plication and ® is the graded tensor product. The product • satisfies the Clifford relation 
■ + ■ = 2z/(5^ for all a,b = 1 . . .i. There are of course other (equivalent) ways 
to define the Clifford multiplication, e.g. by symmetrisation. The above product, which is 
sometimes called the antistandard ordered product, has the advantage to render the quantum 
BRST-complex a double complex (see Theorem 14.1.21) . 
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On the other hand, we will need a quantum covariant star product t^t on M with quantum 
moment map J (cf. Subsection 12.2. 4p . Here the quantum moment map will be viewed as 
an element of the BRST algebra: J = J + Y.i>i^'Ji ^ 0*[-l] ® C {M)[[u]] C 
We will frequently refer to a basis ^i, . . . of g]"l] and write for short < J, >= J a for 
a = The representation property fl2.33l) can be rewritten as 

Ja-kJb-Jb'*^Ja = i^^fabJc for a, 6 = 1, . . . , (4.2) 

c 

where /^^ are the structure constants of the Lie algebra g. 
For f,g e C°°(M) and v,w E S{g[l] © 0*[-l]) we define 

(fv)* (gw) := if -kg) (v-w). 

Note, that * defines a Z-graded associative product, which is a formal deformation of the 
super- Poisson structure of Section 13. 101 

The next step is to quantize the BRST-charge. It was observed by Kostant and Sternberg 
[Ml that 

^-■=-\T. fab ce^c + J2Ja r + ^ E /'^ ^ ^'m^ 

a,b,c a,b 

is a good guess. Here /^^ denote the structure constants of the Lie algebra. Note, that 
the trace term is a side effect of the operator ordering. It may be absorbed by redefining 
the quantum moment map J' := J + | '^abfab ia^ct, since the trace of the adjoint 

representation vanishes on commutators, this modification does not spoil the representation 
property (14.21) . To start with J' from scratch is considered as slightly incorrect from the 
point of view of representation theory of deformed algebras. Nevertheless, we will sometimes 
do it and will indicate that by the prime. 

Theorem 4.1.1. 6*6 = Q. 

Proof. Let us write for short 6 = Q + J', where Q = —^^abcfab ^cC'^'C'' and J' = 

Y.aJai^ + hY.a^bfU"- Wc have 

g * g = g2 + 2Z. 1 2 fak fZb, UC^iH'^ = o, 

ai,bi,ci,a2,b2,C2 

since Q is odd and the bracket satisfies the Jacobi identity. The terms of higher order in i/ 
vanish due to degree reasons. Furthermore, we have 

a,b a,b a,b 

Hence, it remains to compute 

Q*j' + j'*Q = Qj'-2u^Yl -^'c +J'Q = -'^J2 fab j'c ee. 

a,b,c a,b 
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It follows that e*e = Q*Q + Q*J' + J'*Q + J'*J' = {}. 



□ 



Now we are ready to define the quantum BRST differential to be 

T> := -ad,(6>). 

V 

Before we take a closer look at T>, let us introduce some terminology. We define the super- 
differential operators d,3?,q,u : s^* — ^ s/*^^, 



a,b,c a,b,c a 

d 

M{fv) := f * J a "right multiplication" 



- -^Y^f f-bic^^,, "quadratic..." 

d 

— E •^"fe "unimodular term" 

a,b 

for / G C°°(M) and v G S'k(0[1] © 1]). Note that 6 is the coboundary operator of Lie 
algebra cohomology corresponding to the representation 

Lx:5c-(M)(g[l])[H ^ 5c-(M)(s[l])[M], 

/t; ^ /(adx(t;)) + z/-'(J(X)*/-/*J(X)K (4.3) 

where X G g, w G 5k(0[1]) and / G C°°(M)[[z/]]. Finally, we set 

d:=^ + u(^u-q^. (4.4) 

This operator will be called the deformed or quantum Koszul differential. Clearly, adding 
to J a scalar multiple of the trace form does only have an effect on d, the Lie algebra 
differential 6 stays unchanged. If we would have started with J', then the unimodular term 
would not occur in formula fl4.4p . It will become clear later, that the unimodular term does 
not have an effect on the homology of d. 

Theorem 4.1.2. The quantum BRST differential 

T> = S + 2d (4.5) 

is a linear combination of two super- commuting differentials d and d. 

Proof. With the shorthand notation as in the proof of Theorem 14.1.11 we compute 

[J'Jv] = J'*fv-i-l)\^\fv*J' 

= E('^>/-/^'^a)^"^+2^E(/^'^'^)J^^' 

a a 
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where / G C°°(M) and v G 5'k(b[1] © One also has to compute the Chfford 

commutator with the element Q = —\J2abcfab ^c^""^^ with a homogeneous element v G 

^K(g[i]©r[-i]): 
[Q,v]. = Q-v-{-iy%-Q 

a,b,c 

-(-i)iH („Q + M-ip J: ^ 2«'|.« + ^ E X 'wk^') 

a,b,c a,b,c 
a,b,c a,b,c 

Collecting the terms, equation (14. 5 p follows easily. Since each of the three terms in = T>^ = 
4:d^ + 2{dd + 6d) + d'^ lives in different de grees (see below) the claim follows. □ 

Corollary 4.1.3. For all X E g we have 

Lxd-dLx = [Lx,d] = 0. (4.6) 

Proof. Let us write X = J2a-^°'^a £ with respect to a basis G 0. For the 

insertation derivation ix '■= Xla'^'^af" have the well known Cartan homotopy formula 
Lx = ix S + S ix = [ix,S]- Since d obviously commutes with ix the claim follows. □ 

We conclude that the deformed Koszul complex (ii',[[z/]], 5) is in fact a complex of 
0-modules. The BRST-cochains may be identified with the Lie algebra cochains of this 
representation. More precisely, we have ^"[H] = ®i,j,n=i-j-(^^'''[[^]], where = 
C*(0, i^'j[[z/]]) . The quantum BRST-differential is (up to a trivial factor of 2) the total dif- 
ferential of the double complex formed be the deformed Lie algebra cohomology differential 
d : £/'+^'^[[iy]] and the deformed Koszul differential d : ^''^[[u]] £^''^-%u]]. 



4.2 Quantum BRST as an Ext-algebra 

In this section we will give a conceptual explanation for the quantum BRST algebra similar 
to [92]. As the material is not needed in the following, the reader may skip this section. 
We will work over the field K((z/)) of formal Laurent series, mainly because the standard 
reprensentation p of Lemma r4.2.2l is not onto for formal power series in v. This has the draw- 
back, that the classical limit makes no sense. Nonetheless, for the cases under consideration 
the classical limit is already at hand. 

From the quantum symmetry point of view it is more natural to replace the Lie bracket 
[ , ] on g by , ]. More precisely, we consider the K[[z/]]-Lie algebra with bracket 

[, := ] and, accordingly, the universal envelopping algebra Uq^ = Tq[[u\]/ < x ® 
y ~ y ® X — v[x,y] >. This is an augmented K[[i/]] -algebra, the augementation map e : 
UQiy is induced by the obvious augmentation of T0[[z/]]. We consider the complex 
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^, = UQu ®k A'0[[z/]] with differential 

n 

d{u Xi A ■ ■ ■ A Xn) '■= ''^^{—ly^^uxi ^ Xi A ■ ■ ■ Xi ■ ■ ■ A Xn 

1=1 

+ { — ly^^U [Xi, Xj\u A Xi A ■ ■ ■ Xi ■ ■ ■ Xj ■ ■ ■ A Xn- 

l<i<j<n 

In the hterature this complex is frequently called Koszul resolution. For obvious reasons we 
refrain from using this terminology. 

Theorem 4.2.1. {X^,d) is a free resolution of the UQ^j-module K[[z^]]. 

Proof. The proof (see e.g. [291 p.279-282]) relies on the PBW-theorem, which applies since 
0[[z/]] is a free K[[z/]] -module. □ 

It is tempting to interprete the Clifford algebra as an algebra of super-differential oper- 
ators. However, in the formal situation not every super-differential operator arises in this 
way, since the partial derivative is decorated with the formal parameter v. We solve this 
problem by brute force by formally inverting v. Secondly, we have to take opposite -opp of 
the Clifford algebra multiphcation (14. 7p . Here opposite is understood in the graded sense, 
i.e., V -opp w = (-l)l^ll"'lw ■ V. Let us identify S'K(g[l] © g*[-l]) with A(0 © g*), which is 
understood with the induced grading. We will use the symbols ei, . . . , to denote a basis of 
and e^, . . . , will denote the corresponding dual basis. We will write i{a) for the super- 
derivation of Ag which extends dual pairing with a E g*. The Clifford multiplication now 
writes fi exp ( — 2z/ J2a ^('^") ® "^(^q)) • 

Lemma 4.2.2. The so called standard representation 

P: A(0©g*)((z/)) ^ EndK(Ag)((z/)) 
(xi A ■ ■ ■ A x„ ® «! A ■ ■ ■ A am ^ (f ^— (— 2z/)™'xi A ■ ■ ■ A x„ A ^(ai) o ■ ■ ■ o i(am)v) , 

where Xi, . . . , x„ G g and ai, . . . , a.^ € g, is an isomorphism of algebras for the reversed 
Clifford multiplication -opp, i.e p{a -opp b) = p{a) o p(6) for all a,b E A(g © g*)((z/)). In fact, 
if we reverse the canonical Tj-grading on EndK(Ag)((z/)) then p is Tj-graded. 

A quantum moment map J' gives rise to an algebra morphism [/g[[z/]] C°°(M)((z/)). 
Applying the functor C°°(M)((z/)) ®ug^ — on the complex yields the complex 

C^{M){{u)) ^u,. X: = C^{M) ® A'g{{u)) = K.{{u)) 

with differential 

d{f^x) = Y,f^ J'iea) ® ^ie'')x - ^ J] / ® e, A tiey{e')x, (4.7) 

a a,b,c 

where / G C°°(M) and x G Ag. In fact, this differential essentially coincides with the 
quantum Koszul differential d. 
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Corollary 4.2.3. There is an isomorphism p (extending the standard representation) of 
Jj-graded algebras between the BRST algebra (^((z/)), >Kopp) with the reversed multiplication 
and the algebra of endomorphisms of the Koszul complex (Endcoo(M)((y))(-^*((^))), °); such 
that p{0) = -2p d. 

Proof. Let us write for short A := C°°(M). There is a canonical isomorphism of algebras 

EndA((,))(ir-((z/))) = End^((,))(A® Ag((z/))) = A((z/))°pp ® EndK(H)(A0((z/))). 

The left hand side is an algebra with respect to composition and the right hand side is 
isomorphic to (=2^[[z/]], If we view the algebra on the left hand side as a Z-graded 

algebra with the reverse of the canonical grading, then this isomorphism is actually an 
isomorphism of Z-graded algebras. The formula p{6) = —2v d follows by inspection. □ 

Corollary 4.2.4. // the zeroth order term J of the quantum moment map J' is a moment 
map satisfying the generating and complete intersection hypothesis, then the opposite of the 
BRST-cohomology algebra H*j2/((z/)) is isomorphic to Ext*oo(jv/)((j,))(i3, i3) with composition 
product, where B is the left C^{M){{v)) -module which is obtained by dividing out the left 
ideal which is generated by J[, . . . , J'^. 

Proof. It is clear (see Proposition 14.3.11 below) that the complex of equation (14. 7p is a 
resolution of B. Therefore, the cohomology algebra of the differential graded algebra 

(^End-*(^^)((^)) {K,{{u)),),o,[d, 

is just the Z-graded algebra Ext*oo(^/)((j,))(i3, i3) (cf. [26, §7]). □ 

4.3 Computation of the quantum BRST-Cohomology 

The main idea which we follow in order to compute the quantum BRST cohomology (i.e., 
the cohomology of (^[[z/]], T>)), is to provide a deformed version of the contraction (I3.95p . 
This will be done by applying Lemma IA.1.21 to the contraction (13.571) for the perturbation 
d of d and then applying Lemma [A. 1.1 1 for the perturbation T> of 2d. We will also need to 
examine a deformed version of the representation L^ of g on C°°(Z). 

Proposition 4.3.1. If we choose Hq such that /loprol = 0, then there are deformations of 
the restriction map res = res + ^-^-i^ z/* resj : C°°{M) C°°{Z)[[i>]] and of the contracting 
homotopies h = h + J2j>i ^U) '■ ~^ -^•+i[H]; which are a formal power series of 

Frechet continuous maps and such that 

res 

{C-{Z)M,0) ^ {KM,d),h (4.8) 
prol 

is a contraction with Hq prol = 0. Explicitly, we have 

res := res {id+{di — di)ho)~^. 
If we choose h to be Q-equivariant, the same is true for h. 
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Proof. Apply lemma lA. 1.21 to the perturbation d of d. 



□ 



We are now ready to define the quantized representation of q on C°°(Z)[[i/]] by setting 



res Lx prol for X E Q. 



Lemma 4.3.2. We have Ly 
Proof. The claim follows from 



J Z J z 



Lfx^Y] for allX,Y eg. 



J z -r z 



res Lx prol res Lx prol 



= res Lx(id — an.)Ly prol = res(id — aAijLx -Ly prol = res Lx Ly prol 



and the fact that L is a representation. 



□ 



In the same fashion as in SectionEIUl we define d : C"(g, C°^{Z)[[u]]) C'+\g, C°°(Z)[[z/]]) 
to be the differential of Lie algebra cohomology of the representation L^, i.e., d res = 
res d. In the same manner, we extend res and h as in Section 13.101 to maps res : — > 
C(g,C-(Z)[H]) and h : ^'[H] ^ i^-^M]- 

Theorem 4.3.3. There are K[[u]]-linear maps $ : C" (g, C°°(Z)) £^'[M and if : 
■i^'^^ll'^]], which are series of Frechet continuous maps such that 



C'{Q,C^iZ)[[u]]),d 



res 



(4.9) 



is a contraction. 



Proof. Since the requisite condition res h = is obviously fulfilled, we apply Lemma [A. 1.11 
to the perturbation X> of 2d. Explicitly, this means that H := X]j=o('~|)"'(^'^ + ^^)"' 
and $ = prol— H{S prol — prol d), which are obviously series of Frechet continuous maps. 
Note that from /loprol = and h'^ = 0, we get = and = 0. If prol is chosen 
to be equivariant, then the expression for $ simplifies to $ = prol. If h and (hence h) is 
equivariant, then it follows that H = ^h. □ 

For better intelligibility, let us mention that the above argument is a strengthening of the 
well known tic-tac-toe lemma [251, p. 135]: The homology of the total differential of a double 
complex with acyclic rows is isomorphic to the homology of the differential, which is induced 
by the action of the vertical differential on the horizontal homology. The double complex in 
question is of course that of Theorem I4.1.2[ It is depicted in the following diagram from the 
second column onwards. 



d 

C'{gX-{Z)[[u]]) 
d 



C'{g,C^iZ)[[ 



S 

s 



2d 



flA 



res 



Koi.J, M)[M] ^ K,i.J, M)M] ^ K,{.J, M)[[u]] 



2d 



2d 



83 



The first column is the Lie algebra cochain complex of the g-module C°^(Z)[[z/]], which is 
quasiisomorphic to the BRST complex via the quasiisomorphism res. 

We use the contraction fl4.9p to transfer the associative algebra structure from ^[[z^]] to 
the Lie algebra cohomology H* (g, C°°(Z) [[z/]]) of the representation by setting 



[a] * [b] := [res($(a) * $(6))], 



(4.10) 



where [a],[b] denote the cohomology classes of the cocyles a,b & Z'(0,C°°(Z)[[z/]]). The 
associativity of this operation follows from 



[a] * ([6] * [c]) 



+ 



res^$(a) * $(res($(6) * $(c))) 

res($(a) * $(6) * $(c)) - res (a) * (X>i3"($ (6) * $(c) 
- res(^$(a) * (/fX>(#(6) * #(c)))) 

res($(a) * $(6) * $(c)) — d res^$(a) * (i/($(6) * $(c))) 
res(^#(da) * {H{^{b) * $(c)))) 
res(^$(a) * {H{^{db) * $(c) + $(6) * $(dc))) 
res($(a) * $(6) * $(c)) 



(4.11) 



which coincides, as a result of a similar calculation, with {[a] * [b]) * [c\. 

However, this is not exactly, what we want to accomplish. The primary obstacle on the 
way to the main result. Corollary 14.3.51 is that, in general, we have 



H°(0,C°°(Z)[H)^H°(0,C°^(Z))[H, 



(4.12) 



since there is no a priori reason that the representations and L^ have the same space of 
invariants. An example where this phenomenon does in fact occur has been given in 
section 7]. One way out is to sharpen the compatibihty condition (14.20 . We require, that 
J = J and 



J(X) * / - / * J(X) = u{J{X), /} for all X G 0, / e C°^{M). 

This property, which has been discussed in Subsection l2.2.4[ is referred to as strong invariance 
of the star product * with respect to the Lie algebra action. It can always be achieved for 
the cases under consideration. Of course, now the representations L and L coincide and we 
get 6 = 6. But with some mild restrictions on the contracting homotopy h of the Koszul 
resolution we also have the following. 

Lemma 4.3.4. If Hq is g-equivariant and hopiol = 0, then = L^. 

Proof. For X G g we have = res Lx prol = res {id+{di — di)ho)^^Lx prol. Since 
Lx commutes with di, di and ho, the last expression can be written as res Lx{id+{di — 
^i)/io)~^ prol = res Lx prol. □ 
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Corollary 4.3.5. With the assumptions made above, the product defined by equation ( [^^ . i 0[ j 
makes H* (g, C°°{Z)) [[u]] into a Jj-graded associative algebra. For the subalgebra of invariants 
H0(5,C°°(Z))[[z/]] = (C°°(Z))°[[z/]] this formula simplifies to 

/*(7:=res(prol(/)*prol((7)) forf,ge (C°°(Z))^ (4.13) 

Since {C'^{Z)y[[v]\ is K[[z/]]-/mear/?/ isomorphic to the algebra of smooth functions on the 
symplectic stratified space M^^d, we obtain an associative product on C°°(Mred)[H] which 
gives rise to a continuous Hochschild cochain. 

There is another strategy to attack problem (14.121) . If H^(g, C°°(Z)) vanishes, it is pos- 
sible to find a topologically linear isomorphism between the spaces of invariants for the 
classical and the deformed representation. 

Proposition 4.3.6. Let G be a compact, connected semisimple Lie group acting on the 
Poisson manifold M in a Hamiltonian fashion. Assume that the equivariant moment map 
J satisfies the generating and complete intersection hypothesis. Then for any star product * 
on M with quantum moment map J there is a invertible sequence of continuous maps 

S = J2^'Sr. H°(0,C°^(Z))[H] = C^iZriH - H°(0,C°^(Z)[M]) 

i>0 

such that the formula 

f*g:= S~\S{f) * S{g)) = S'' (res($(S(/)) * ^{S{g)))) 

defines a continuous formal deformation of the Poisson algebra C^i^Z)^ into an associative 
algebra. 

Proof. According to Viktor L. Ginzburg (see [50l Theorem 2.13]) we have for any compact 
connected Lie group G with a smooth representation on a Frechet space W an isomorphism 

H*(s,Vr) = H*(s,K) ® 

In particular, this implies that if g is semisimple the first and the second cohomology groups 
of the 0-module C°°{Z) vanish (for the so called Whitehead lemmata see e.g. [59]). Note that 
the Frechet subspace of invariant functions C°°{Z)^ C C°°(Z) has a closed complementary 
subspace V 

C'^(Z) =c'^{zy®v. 

This can be achieved by taking V to be the kernel of the averaging projection vr : C°°{Z) — >■ 
C°°{Z)'^, 7r(/)(x) := Yo\{G)~^ f{gx)dg. Hence, the restriction of the Lie algebra coho- 
mology differential d to the closed complementary subspace is a bijection onto the closed 
supspace Z^(g, C°°(Z)) C C^{g,C°°{Z)). Since every continuous linear bijection of Frechet 
spaces has a continuous inverse (see [551 corollary 2.12]), we have a continuous inverse map, 
which we call d~^. 

C~(Z)^-^fl*(g)C°°(Z) 
V^^Z\q,C^{Z)) 




d-1 
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Let (fo G C°°{Z)^. We will inductively construct an element ip = Yli^^fi which is 
invariant for the deformed representation, i.e., dip = 0. Let us assume that we have found 
Pq, Pi, . . . ,pn & C°°{Z), such that 



.^Pi_j = Vi = 0, ...,n. (4.14) 



We are looking for an element Pn+i, such that J2]j=o ^^jVn-j = 0. Rewriting the equation 
(f = (^^0 order by order in the powers of u we obtain d^dj = — J2i=Q dj-idi. Now, 

an easy calculation yields that Y17=odi+i^n-i ^ Z^{q,C°°{Z)): 

n n i n n—r \4\ 

do ( ^ di+iPn-i) = - ^ ^ di_kdkPn-i = - ^ dn-r ^ dsPr-s '= 0. 
1=0 i=0 k=0 r=0 s=0 

Setting pn+i ■■= -d''^(J2i^Qdi+iPn-i), we are done. Obviously, pi = -d~'^dipo =: Si{po), 
Pi = —d'^^^diPo — d^^dipo) =: 5*2 (v^o), etc. arise by successive continuous operations acting 
on po and we acquire the desired sequence S = Ylilo ^^^i- 

Conversely, let p = Ylii^^Vi ^ H°(g, C°°(Z)[[i/]]). Rewriting dp = order by order in 
powers of z/ we get ^"=o djPn-j = for all n > 0. In particular we have do{Yl]=i djPn-j) = 0. 
Setting ipn '■= P + d~^{Yl^=i djPn-j), we obtain a series ip := Yli^o ^ ^°°(-^)^[H]- It is 
clear that Sip = p. □ 
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Appendix A 
Auxiliary material 



A.l Two perturbation lemmata 

We consider (cochain) complexes in an additive K-linear category (e.g. the category of 
Frechet spaces). A contraction in ^ consists of the following data 

{X,dx)^{Y,dY),hY, (A.l) 

i 

where i and p are chain maps between the chain complexes {X, dx) and (Y, dy), hy '-Y ^ 
y[— 1] is a morphism, and we have pi = idx, dyhy + hydy = idy —ip. The contraction 
is said to satisfy the side conditions (scl-3), if moreover, /ly = , hyi = and phy = 
are true. It was observed in [69], that in order to fulfill (sc2) and (sc3), one can replace hy 
by h'y := {dyhy + hydy) hy {dyhy + hydy). If one wants to have in addition (scl) to be 
satisfied, one may replace h'y by hy := h'ydyh'y. 

Let C := Cone{p) be the mapping cone of p, i.e., C = X[l] © F is the complex with 
differential dc{x,y) := {dxx + {—ly^^py, dyy). The homology of C is trivial, because 
hc{x,y) := {0,hyy + {—l^^kx) is a contracting homotopy, i.e., dchc + hcdc = id^, if 
(sc3) is true. In fact, we calculate 

{dchc + hcdc){x,y) = dc{0,hyy + {-l)^''kx,dyy) + hc{dxx + {-l)^y^py,dyy) 

= {{-l)\y\+^phyy + pix, dyhyy + (-l)l^lrfyix) 

+ (0, hydyy + (-l)l^'l+^2 dxx + ipy) 

^=^^ (pzx, {hydy + dyhy)y + ipy) = {x, y). 

Let us now assume that the objects X and Y carry descending Hausdorff filtrations 
and the structure maps are filtration preserving. Moreover, pretend that we have found a 
perturbation Dy = dy + ty of dy, i.e., Dy = and ty : F — > Y[l], called the initiator, 
having the property that tyhy + hyty raises the filtration. Since, in general, tx '■= ptyi 
does not need to be a perturbation of dx, we impose that as an extra condition: we assume 
that Dx = (ix + i^x is a differential. Setting tc := {tx^iv)) we will get a perturbation 
Dc '■= dc + tc of dc, if we have in addition txP = pty (this will imply that {dx + tx)"^ = 0). 
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Then an easy calculation yields that He := hc{Dchc + hcDc) ^ = hc{}dc +tchc + hctc) ^ 
is well defined and satisfies DcHc + HcDc = idc- In fact, we have 

DcHc + HcDc = {Dchc + HcDc{Dchc + hcDc)) {Dchc + hcDcY^ 
= [Dchc + HciDchc + hcDc)Dc) {Dchc + hcDcY^ 
= [Dchc + hcDc) {Dchc + hcDcY^ = idc • 

Defining the morphism / : X — y, Hc{x, 0) =: (0, (— and the homotopy Hy '■ Y 
Y[—l], Hc{0,y) =: (0,ify?/) we obtain the following 

Lemma A. 1.1 {Perturbation Lemma - Version 1). If the contraction M . 1\] satisfies (sc3) 
and Dy = dy + ty is a perturbation of dy such that txP = pty, then 

{X,Dx)^{Y,Dy),Hy (A.2) 

is a contraction fulfilling (sc3). Moreover, we have Hy = hy{idy +tyhy + hyty)^^ and 
Ix = ix ~ Hy{tyix — itxx) . If all side conditions are true for M.ij) . then they are for M.^j) . 
too. 

Proof. For all homogenuous x & X, y eY we have 

{x,y) = {DcHc + HcDc){x,y) 

= Dc{0, {-Iplx + Hyy) + Hc{Dxx + (-l)I^W, Dyy) 

= {pix + {-l)\y\^^pHyy, (-l)l^lDy/x + DyHyy) 

+ (0, {-lf\-'lDxx + Ipy + HyDyy), 

and we conclude that pi = idx, Dyl = IDx, pHy = and DyHy + HyDy + Ip = idy. Let 
us verify the formula for Hy. {0,Hyy) = Hc{0,y) = hcY.i>oi-^)\tchc + Mc)'(0,y) = 

{Q,hyY.,^^{-iy{tyhy + hytyyy). NotC that {tchc + hctc){x,Q) = {-l^''^ {0, tyix - itxx) . 

Using this result, it is straight forward to check: (0, Ix) = (0, ix) — (O, hy ^j>o(~l)*(^y^y + 
hytyY {tyix — itxx) = (O, ix — Hy{tyix — itxx)) . Finally, let us address the side conditions. 
With the above formula for Hy the condition ihy = entails iHy = 0. Note that hy = 
implies hy{Dyhy + hyDy)^^ = {Dyhy + hyDy)^^hy, and we conlude that Hy = 0. □ 



Starting with the mapping cone K = Cone{i), i.e., the complex K = Y[l] © X with the 
differential dK{y, x) = {dyy + {—l^^kx, dxx), we may give a version of the above argument 
arriving at a contraction with all data perturbed except i. More precisely, we have a homo- 
topy hK{y,x) := {hyy, (— for which dKhx + hKCtx = idi^- follows from (sc2). In fact, 
we calculate 

{dxhK + hKdK){y,x) = dK{hy,{-iyy^py) + hK{dyy + {-ly^'^ix^dxx) 

= {dyhyy + ipy,{-l)^y^dxpy)) 

+ {hydy + {-Iphyix, {-l^^^+^pdyy + pix) 

^ {dyhyy + hydy + ipy, pix) ={y,x). 
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Mimicking the above argument for C, we get a differential Dk '■= dx+tx with tx '■= {ty, tx), 
if tyi = itx (this will imply Dx = 0). Assuming (lA.ip to satisfy (sc2), Hk '■= hxiDKhx + 
HkOk)^^ will become a contracting homotopy DkHk + HkDk = id^-- Defining P : Y X 
and H^:Y ^ by HKiy,0) = HK{y,x) =: {H{.y, (-l)l2^IPy) we get the following 

Lemma A. 1.2 (Perturbation Lemma - Version 2). If the contraction . 1\) satisfies (sc2) 
and Dy = dy + tY is a perturbation of dy such that tyi = itx, then 

{X,Dx)^{Y,Dy),H'y (A.3) 

i 

is a contraction fulfilling (sc2). Moreover, we have Hy = hy{idy +tyhy + hyty)~^ and 
P = p{id +tyhy + hyty)~^ . If all side conditions are true for ^A.l\) . then they are for ^A.!^) . 
too. 

Proof. For all homogenuous a; G X, ?/ G V we have 

{y,x) = {DkHk + HKDK){y,x) 

= DK[H'yy, (-1)1^1 Py) + HK[Dy + (-l)l^l^x, Dxx) 

= {DyH'yy + iPy,{-l)\y\DxPy) 

+ {H'yDyy + {-1)\^\H'yIX, {-1)^^^+^ P Dyy + Pix), 

and we conclude that DyH'y + HyDy + iP = idy, H'yi = 0, DxP = PDy and Pi = idx- 
Let us check the formulas for Hy and P: 



{H!yy, (-1)I^IP2/) = HK{y, 0) = {hKiJ^i-^YitYhy + hytyYy, 0) 

i>0 

= {hy J2i-iyityhy + hytyYy, (-1) '^'p 1)* (ty /^y + hytyfy) . 



i>0 i>Q 



Finally, let us address the side conditions. If hy = then hy{l + tyhy + hyty) ^ = (1 + 
tyhy + hyty)~^hy, which cutails H'y = 0. If in addition phy = 0, then we conclude that 
PH{. = 0. □ 



A. 2 Graded Lie-Rinehart pairs 

The notion of a Lie-Rinehart pair is the algebraic counterpart of the notion of a Lie algebroid. 
It admits a more or less obvious translation to the graded situation. Z2-graded Lie-Rinehart 
have been studied for example in [32]. In the following graded objects, morphisms etc. are 
understood to be in one of the abelian tensor categories 

K-Mod^2 and K-Mod^, the 
category of Z2-graded and Z-graded vector spaces, respectively. Rinehart ^6J introduced 
the notion of an universal enveloping algebra of a Lie-Rinehart pair generalizing the universal 
enveloping algebra of a Lie algebra. In [61] Hiibschmann gave an alternative construction 
for it, which we will translate to the graded situation. 

Definition A. 2.1. A graded Lie Rinehart pair {A,L) is a graded commutative K-algebra A 
and a graded K-Lie algebra L such that 
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1. L is a graded left A-module A® L L, (a, X) i-^ aX , 

2. L acts on A by graded left derivations L ® A A, {X, a) ^-^ X{a), 

3. the actions are compatible in the following sense 

aX{b) = iaX){b), 

[X, aY] = X{a)Y + (-l)l''ll^la[X, Y] for all homogeneous X,Y e L and a,b E A. 

Sometimes L will also be called a (K, A) -Lie algebra. An {A, L) -module is a graded K.-vector 
space V which is at the same time an A-and an L-module such that the actions are compatible 
in the following sense 

aXiy) = {aX){v), 

X{av) = X{a)v + {-l)^°-^^^^aX{v) for all homogeneous X E L, a E A and v E V. 
Examples 

1. If y4 is a graded commutative K-algebra then [A, Dei-^A) is a graded Lie-Rinehart 
pair. 

2. If A is a graded commutative algebra, q a graded K-Lie algebra and p : g ^ Der^^ 
a morphism of graded Lie algebras, then A ®k is a graded Lie-Rinehart pair with 
bracket given by 

[a ® X, 6 ® F] := {-if^^^^ab ® [X, Y] + ap{X)b ®Y + (-l)(l'^l+l''l+l^l)l^l(p(F)a)6 ® X. 

3. The above example can be generalized to the notion of a Lie algebroid, which we will 
use merely in the ordinary (even) manifold setup. By a Lie algebroid we mean the 
data {E, [, ], p), where E' — ^ M is a vector bundle over a manifold M, [ , ] is a K-linear 
Lie bracket on the space of sections r°° (M, E) of E and p : E ^ TM is a vector 
bundle homomorphism such that [a, fb] = f[a,b] + p{a){f) b for all a,b E T°°{M,E) 
and / E C°^{M). It is clear that (C°°(M), r°^(M, E)) is a Lie-Rinehart pair. 

Associated to the graded Lie-Rinehart pair {A, L) there is an universal enveloping algebra 
{U (A, L), lAiiLji which is analog to the enveloping algebra of a Lie algebra and of the algebra 
of differential operators on a manifold, respectively. More precisely U{A, L) is a graded K- 
algebra, ia '■ A ^ U{A;L) is a morphism of graded K-algebras and ii '■ L ^ U{A,L) is 
a morphism of graded Lie algebras having the following properties: iA{0')iL{X) = iiiaX) 
and iL(X)i^(a) — (— l)l"^ll"lzA(a)^L(-^) = iA{X{a)) for all homogeneous a E A and X E L. 
{U{A, L),iA,iL) is initial among the triples {U,jA,jL) having these properties. 

In order to construct it, we follow the approach of Hiibschmann [61]. Let U(K, L) be the 
universal enveloping algebra of the graded Lie algebra L, i]K : K — > U{K,L) and ii '■ L ^ 
U{K,L) the canonical embeddings and A : U{K,L) — > [/(K, L) (g)]K f/(K,L) the standard 
comultiplication. Remember that A is the unique comultiplication such that U (K, L) is a 
graded bialgebra and the image of is the space of primitives. As an intermediate step, let 
us define the algebra 

A t/(K, L) = {A ®K f/(K, L), p). 
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where the multiphcation /x is given by 

(a ® ® v) := (-l)l"ll^la6 ^ uv + ^(-l)l""ll^laM'(6) ® u"v 

for homogeneous a,b & A and u,v & U(K,L). Here we used Sweedler's notation A{u) : = 
® u". One easily proves that fi is associative. Let J be the right ideal generated by 
elements of the form ab^ X — bX for a,b & A and X G L (here we write X and bX for 
the respective images under ii). As a consequence of the identity 

{c(g)Y){ab(g)X -a(g)bX) = (ca6 O XF - c O afeFX) 

+ (-l)l^ll'^l(car(6) ® X - c O ar(6)X) 

for all homogeneous a,b,c & A and X, y G L, we have that J is in fact a two sided ideal. 
The universal enveloping algebra is defined to be the quotient 

U{A,L) := AQU{K,L)/J, 

and tA, ii are the obvious morphisms. 

The universal enveloping algebra f/(A, L) is in a natural manner a filtered algebra 

U{A, L) = [/o(A L) dU,{A,L)d... Un-i{A, L) D f/„(A, L) D . . . . 

Here Un{A, L) is the left A-module generated by at most n products of the images of L in 
U{A,L). Clearly the induced left and right A-algebra structures on the associated graded 
algebra grU{A,L) = ©„>ogr„ [/(A, L) = (Bn>oUn{A, L) /Un-i{A, L) coincide (here we set 
U_i{A,L) := 0). Note that gTU{A,L) is a graded commutative algebra. 

The best understood Lie-Rinehart pairs are those, for which the A-module L is projective. 
One reason for this is, that there is an analog of the Poincare-Birkhoff-Witt theorem. 

Theorem A. 2. 2 {Poincare-Birkhoff-Witt theorem). The canonical A-module epimorphism 
SaL ^ grU {A, L) is an isomorphism of graded commutative algebras. 

Proof. Adapt the proof of Rinehart [86, p. 199-200] to the graded situation. □ 

A morphism of graded Lie-Rinehart pairs {A, L) {A' , V) is a morphism of graded 
commutative algebras A A', a ^ a' and a morphism of graded Lie algebras L L', 
X ^ X' such that (aX)' = a'X' and (X(a))' = X'(a') for all a G A and X G L. A 
morphism of Lie Rinehart pairs extends uniquely to a ring homorphism of the universal 
envelopping algebras U{A, L) — *■ U{A' , V). There is also a natural notion of a module for a 
Lie-Rinehart pair [A, L) (for details see |86]). Equivalently, one may think of such a module 
as a module for the algebra t/(A, L). For example, the action of L on A extends natually to 
an U{A., L)-module structure on A. 

It has been shown by Rinehart, that if L is a projective A-module, there is a Koszul 
resolution of the U {A, L)-module A, which generalizes the Koszul resolution of the ground 
field for Lie algebras. The space of chains of this complex is K,{A,L) = U{A,L) (^a A^L. 
The differential d : K,{A, L) — K,^i{A, L) is given by the formula 

n 

^{u®X^^■■■^X^) = ^(-iy+^ign(r„|X|)(M2z.(X,))®XiA---X:---AX„ 

i=l 

+ (-l)^+-''sign(rij,|X|)M®[Xi,Xj-] AXiA---X----X5---AX, 

l<i<j<n 
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Here, sign(rj, |X|) and sign(rjj, |X|) are the Koszul signs of the permutations Tj = (1 2 . . . i — 
1 i) and 

_ / 1 2 3 4 . . . n 
'^''^ ~ \ i j 1 2 ... i-l i + 1 ... j - 1 j + 1 ... n 

respectively, for the multiindex |X| = . . . , |X„|). Analog to [HSl Section 4] one can 

show that d is in fact well-defined and that {K,{A, L),d) is a projective resolution of the 
U{A, L)-module A. We can therefore use this resolution to compute derived functors such 
as Extu{A,L){A, M) for any ?7 ( A, L) -module M. More precisely, Extu{A,L){A, M) is the co- 
homology of the complex 

HomA(A^L, M) = Alt^(L, M), (A.5) 

where the differential d := Alt" (L,M) — > Alt'^'*'^ (L, M) is defined for homogeneous / G 
Alt''(L, M) by the formula 

n+l 

{df){Xr, X„+i) = sign(r,, |X|) X,{f{X,, . . . . . . , 

+ Yl (-l)'''''sign(r,,„|X|)/([X„X,],Xi,...X:...X;...,X„+i). 

In the case of a Lie algebroid Extu(^A,L){A, A) is just the ordinary Lie algebroid cohomology. 
In particular, for A = C°°{M) the ring of functions on a smooth manifold M and L = 
r°°{M,TM) this boils down to the ordinary de Rham cohomology. Also, in the Z2-graded 
setting this construction reproduces the Chevalley-Eilenberg cochain complex of Lie super- 
algebras (see e.g. [90] and references therein) and the de Rham complex for super-manifolds. 
In the general Z-graded case the complex ( lA.SI) may become rather huge (note that we have 
to use Hom^ and not Hom^.j^^jja), and there are perhaps better ways to define Lie-Rinehart 
cohomology for Z-graded Lie-Rinehart pairs. 

A. 3 The opposite of a n-Poisson algebra is n-Poisson 

Lemma A. 3.1. If {L, ■,[,]) is a n-Poisson algebra then the opposite bracket 

[a,6]°PP := (-l)(l"l+")(l^l+")[6,a] (A.6) 

for homogeneous a,b E L, is a Poisson bracket of degree n. We say that {L, -, [ , ]°pp) is the 
opposite of the n-Poisson algebra (L, -, [ , ]). 
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Proof. In order to prove the graded Leibniz rule note that 
[a,6c]°PP = (-l)(l^l+l"l+")(l'^l+")[6c,a] 

= ^_^p\b\+\a\\c\+ni\a\ + \b\+\c\+l) (^[^^ ^] + (-1 ) [6, a]c) 

= (^_l^H\b\+\a\\c\+n{\a\ + \b\+\c\+l)f (|a|+n)(|c|+n) ^[q^ + 



= (_l)|a||c|+n(a| + |c| + l) 



V 

= (-l)|al|i>| + |al|cl+n(|a| + |b| + |cl + l) 



= (-l)(l"l+")l''l6[a, c]°PP + [a, 6]°PPc. 
Similarly we compute: 

[a, [6,c]°PP]°PP = (-l)(l^l+l^l)(l'*l+")(-l)(l^l+")(l^l+«)[[c,6],a] 

= ^_lp\b\+\b\\c\+Mc\+n _^ a], 6]) 

= (^_X)l«'ll''l+l*l|c|+|a||c|+n^(^_]_)(|a|+l^'l)(|c|+n)J^_-|_^|(|a|+n)(|fe|+n)^^^^ ^jopp^ ^jc 

^(_lya||6|+"(|a|+|fe|+l)(_l){kl + |c|)(|fe|+n)J^_-|^^J(|a|+n)(|c|+n)^^^ [a, c]°PP]' 

= (^_iya||''l+|fc||c|+|a||c|+n^(^_]_ya||c|+|fe||c|+n(|a|+|fe|)(^_]_ya||6|+n{|a+|b|+l)^^^ 

^(_]_)|a||''l+"(|a|+|fe|+l)(_]_)|a||''l+|fc||c|+|a||c|+n^^^ [o, c]°PP]°PP j 

= [[a, 6]°PP, c]°PP + [a, c]°pp]°pp. 

□ 



lopp 



]opp 



A.4 Proof of Theorem IHTXS 



First of all let us introduce some notation. Let X = X1X2 . . . X^ € S'a(-Z^[— 1]) be a monomial, 
such that Xi G L^^ for i = 1, . . . ,r. We will call such monomials homogeneous. The degree 
|X| of X in 5'^(L[— 1]) is given by xi + ■ ■ ■ + x,. + r. Moreover, we will use the shorthand 

X>i '■= ■ ■ ■ ^r, \^>i\ = + ' ' ' + Xr + T — i 

X<' ■= XiX2...Xi_i, \X<'\=xi + ---+x,.i+i-l. 

It is not difficult to prove that, as a consequence of the Leibniz rule, the Schouten-Nijenhuis 
bracket with another such monomial Y = Y1Y2 . . . is given by: 

r s 

[X, Y] = Y, 5^(-l)l'''ll''>'l+l''^H''^'IX<*X>4X„ F,]F<^r>, (A.7) 
i=i j=i 

Moreover, it is easy to prove that the result of this formula does not depend of the choice of 
the decomposition. Note that the sign in this formula appears naturally as the Koszul sign 
of the permutation which moves Xi to the right of X and Yj to the left of Y. Conversely, 
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the Leibniz rule follows effortlessly from equation (lA.Tp . In fact, ii Z = Z1Z2 ... Zt is a third 
homogeneous monomial we have 



r t 

[X, YZ] = [X, Y]Z + 5^(-l)l^'ll^>'l+l^^l^l''l+l^^'l)X<*X>4X„ Z^j\YZ<^Zyj 

i=i j=i 

= [x,F]z + (-i)I^i(i^i-^)f[x,z]. 

In order to see that this bracket is graded antisymmetric note that |X^*X>j| = |X| — |Xj| 
and that the degree of [Xi,Yj] = X^] is \Xi\ + \Yj\ - 1. Moreover, the 

Koszul sign of the operation which replaces X<^X>4Xi, Yj]Y<^Y>j by Y<^Y>j[Xi, Yj]X<'X>i 
is given by 

(^_^^)(|x|-|x,|){|x,|+|y,|-l)(^_^^)(|xh|x,|)(|y|-|y,||)(^_^^)(|x,|+|y,hl)(|y|-|y,|) 
= ^_iyx\\x,\+\x\\Y,\+\x,\\Y,\+\x\^_-^yx\\Y\Mx\\Y,\M^^ 

= (^_l^\X\\Y\ + \X\\X,\ + \Y\\Y,\ + \X,\\Y,\ + \X\ + \Y\_ 

It follows that 

r s 

i=i j=i 

and we have to analyse the sign in the above formula. To this end note that |X>j| = 
|X| - |X<*| - \Xi\ and \Y<^\ = \Y\ - |F>j| - \Yj\. Some bookkeeping yields that the sign 
works out correctly 

(^_iyY,\\Yy,\ + \X,\\X<'\(^_^yx\\Y\ + \X\ + \y\+i^ 

and we have thus proved [X, y] = X]. 

In order to prove the Jacobi identity we introduce some further notation. For 1 < z < 
j < r and a monomial X = X1X2 ... X^, we introduce 

X</ := Xi+i . . . X,_i |X</ 1 = Xi+i + ■■■ + 

Let Y = Y1Y2 ...YsG S%{L[-1\) and Z = Z1Z2 . . . Zt E S\{L[-1]) be two other homoge- 
neous monomials. In order to proof 

[X, [Y,Z]] = [[X,Y],Z] + [X,Z]] (A.8) 

we expand the three terms in the above equation according to equation (1A.7I1 . identify the 
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various contributions and 'mow down' the signs. 

r s k—1 t 

[x,[Y,z]] = J]^^^(-i)-x<^x>,[x„F,]F<^y<'^r>4n,z,]z<'z>, 

1=1 k=l j=l 1=1 

i=l k=l j=k+l 1=1 
r s t 

+ E E E(-l)"'^^^^>^[^- K' Zi]]Y<^Y^jZ<^Z^i 

i=l j=l 1=1 

r s t l-l 

+ E E E E(-i)"'^^'^>^[^- z,]F<^F>fc[n, Zi]z<^z<^^z^i 

i=l k=l 1=1 3=1 

r s t t 

+ EEE E {-^rX<^X^,[X,,Z,]Y<^Y^,[Y,,Zi]Z<^Z<lZ^, 

i=l k=l 1=1 3=1+1 
= : ^1 + ^2 + ^3+^4 + ^5. 

The exponents ni,...,n5 in the above equation will be understood modulo 2. They are 
given as follows 







\x 






\x 






\x 


714 = 




\x 






\x 


715 = 




\x 




\Xi\ 


\x 



'<l\ 



'<l\ 



7<l\ 



'<l\ 



'<l\ 



'<l\ 



Next, we have 
U.YiZ] 



r s k—1 t 

E E E E(-i)"'^^'^>^[^- y,]y<^r>f r>fe[n, Zi]z<'z^i 

i=l k=l j=l 1=1 

+EE E E(-i)'"^^^^>^[^-^^]^^'^>t^>^[^'^'^']^^'^>' 

1=1 k=l j=k+l 1=1 
r s t 

+ E E E(-l)'"'^^^^>^^^'^>^[[^- Y^,Zi]Z<^Z^i 
i=l j=l 1=1 

r s t r 

+ EEE E {-ir'X<'X<^X^,[X,,Yj\Y<^Y^j[X,,Zi]Z<^Z^i 

i=l j=l 1=1 k=i+l 
r s t i—1 

+ E E E E(-l)™'^^'^>^^>^[^- F,]F<^F>,[X,, Zi]Z<^Z^i 

i=l j=l 1=1 k=l 
Si + ^2 + S3 + ^4 + S5. 
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The exponents mi, . . . , in the above equation are given as follows 



mi = 






+ 






+ \Yk\\Y^k\^ 


-\Zi\\Z<'\ 


m2 = 


l^.l 


\-^>i\ 


+ 




\Y<j 


+ \Yk\{\Y^k\- 


-\Y,\) + \Z,\\Z<^\ 


m3 = 


l^.l 




+ 




\Y<j 


+ {\Y\-\yM\x^\ + \y^-l) + \Zl\\z<^\ 


rrii — 


l^^l 


\^>i\ 


+ 




\Y<j 


+ \Xu\{\X^k 


+ |F|-|F,| + (|X,| + |F,|-1)) + |Z,||Z 




l^^l 


\^>i\ 


+ 




|y<j 


+ |X,|(|X>, 


+ |r| + |x,| + i) + |z,||z<'| 


ms = 


l^^l 


\X>i\ 


+ 


\y^ 


\Y<i 


+ \Xk\{\Xyk 


-|X,| + |F|-|F,| + (|X,| + |F,|-1) + 






\^>i\ 


+ 


\y3 




+ -^fe ( -^>A; 


+ \Y\ + l) + \Zi\\Z<\ 



<l\ 



7<l\ 



Finally, we have 

s r fc— 1 t 

[Y,[X,Z]] = J]J]5]5^(-l)'=^F<^F>,K-,X,]X<^X<fX>,[X,,Z,]Z<'Z>, 

j=l k=l i=l 1=1 

j=l k=l i=k+l 1=1 

s r t 

+ E E E(-i)''^^'^>^K' Zi]]x<^x^,z<^z^i 

j=l i=l 1=1 

s r t j—1 

+ E E E E(-i)''^^'^>^[^^' Zi]x<^x^,[x,, z,]z<'ztlz^, 

k=l i^l j=l 1=1 
s r t t 

+EEE E {-i)''y^'y>k[yk,zi]x<^x^,[x„zj]z<^z<iz^i 

i=i k=i j=i i=j+i 

C1 + C2 + C3 + C4 + C5. 
The exponents ki, . . . jk^ in the above equation are given as follows 

|y,-||y>,-| + \Xi\\x<'\ + \Xk\\x^k\ + \Zi\\z<'\ 
|yj|y>j + \Xi\{\x<'\ - \Xk\) + \Xk\\Xyk\ + \Zi\\z<'\ 



k, = 

k2 = 

ki — 

k?, = 



j\\^>j 

Yj\\Y^j\ + {\X\ - \X,\){\Xi\ + \Zi\ - 1) + \Xi\\X^i\ + \Zi\\Z 
yk\\y>k\ + \Zi\{\Z<'\ + \Xi\ + \Z^\ - 1 + |X| - \X,\) + \Xi\\X^i\ + |Z,-||Z<^| 

Yk\\Yyk\ + l^dd^^'l + l^^-l + 1^1 + 1) + l^i||^>i| + \Zj\\Z<^\ 
yk\\y>k\ + \Zi\{\Z<'\ - \Z^\ + \Zj\ + - 1 + |X| - + |X,||X>,| + \Z^\\Z<^\ 

= |yfe||y>fe| + |Zi|(|z<'| + \x\ + 1) + |x,||x>,| + \z^\\z<^\. 

First of all we note that 

Ai = 5i, A2 = B2 (A.9) 

and we have to check some similar relations among the A, B, C"s. The only one which 
involves the Jacobi identity for L is 

A3 = S3 + (-l)(l^l-i)(l^l-^)C3, (A.IO) 
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which we would hke to check right now. Let us compare ^3 and B^: 

r s t 

1=1 j=i 1=1 

r s t 

1=1 j=i 1=1 

r s t 

i=i j=i 1=1 

where li is the Koszul sign of the permutation involved. Hence we need to check whether 

ns = |x,||x>,| + (|r|-|r,|)(|r,| + |z,|-i) + |r,||r>,| + |z,||z<'| 

= |X,||X>,| + + \Y\\Zi\ + |F| + \Y,\\Z,\ + |F,||r>,| + \z,\\z<^\ 
coincides with li + 

h = (|r|-|r^.|)(|x,| + |F,| + |z,|-2) 

m, = \X,\\X^,\ + \Y,\\Y<^ + {\Y\-\YMX.\ + \Y,\-1) + \Z,\\Z<^\ 

= |x,||x>,| + |r,||r<^| + |x,||r| + + + \y\ + \z^\\z<\ 

By striking out all twice occuring terms, and using the fact that | l^H F ^-^ | + 1 l^H Y>j | + 1 i^- 1 = 
mod 2, it follows that = li + mod 2. On the other hand, we have 

s r t 

^3 = J2J2Y.^-^^'"^^'^>AY,,[X^,Z,]]X<^X^,Z<^Z^l 

j=l 1=1 1=1 
s r t 

= EEE(-1)''^''^^'^>^K' [X^,Zl]]Y<^Y^,Z<'Z^l. 
j=i i=i 1=1 

Again we have to check whether ks + h + \X\\Y\ + \X\ + \Y\ + \Xi\\Yj\ + \Xi\ + \Yj\ = 
mod 2. 

h = (|r|-|r,| + |x|-|x,|)(|x,| + |r,| + |z,|-2) + (|r|-|r,|)(|x|-|x,|) 

= |x||r| + |x,||r,| + |x||x,| + + \x,\ + \y,\ + (\x\ + \y\ + \x,\ + \Y,m\ 
h = |r,||r>,| + (|x|-|x,|)(|x,| + |z,|-i) + |x,||x>,| + |z,||z<'| 

= |F,||F>,| + |X||X,| + \X\\Zi\ + \Xi\\Zi\ + |X| + |X,||X>i| + \Zi\\Z<\ 

The reader may convince himself that the sign works out correctly, and we have thus proved 
equation flA.lOp . 

The next identity we would like to prove is 

= {-l)(\^\-mY\-i)c^_ (A.ll) 
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To this end we need to compare 

r s t l-l 

A, = J](-i)"^x<^x>,[x„z,]y<'=y>,[n,Zi]z<^z<jz>, with 

i=l k=l 1=1 j=l 
s r t t 

i=l k=l j=l l=j+l 

r s t l-l 

1=1 k=i 1=1 j=i 
The exponent I3 works out as follows 

h = i\X\-\X,\ + \X,\ + \Z,\-l)i\Y\-\Y,\ + \Y,\ + \Zi\-l) 
= (|X| + |Z,|-1)(|F| + |Z,|-1) 

= + \X\\Zi\ + \Y\\Z,\ + \Z,\\Zi\ + \Z,\ + \Zi\ + |X| + \Y\ + 1. 

The reader may convince himself that n4 = + I3 + {\X\ — 1){\Y\ — 1) mod 2 

714 = \Xi\\Xy,\ + \Z,\{\Z<^ + \Zi\ + \Y\ + l) + \Y,\\Y^k\ + \Zi\\Z<'\ 
h = \Yk\\Y:,k\ + \Zi\{\Z<'\ + \X\ + l) + \Xi\\X:,,\ + \Z,\\Z<^\ 

and we have proved identity (]A.11|) . 
Next we claim 

A, = (-l)(l^l-i)(l^l-i)C4, (A.12) 

that is, we have to compare 

r s t t 

^5 = 5^$^$^ $^(-irX<^X>,[X„Z,]F<'=F>4n,Z,]Z<'Z</Z>, and 
i=i k=i 1=1 j=i+i 

^4 = EEEE(-i)''^^'^>'^[^^'^']^^^^>^[^-^^]^^'^>/^>^^ 
k=i i=i j=i 1=1 

r s t t 

= EEE E(-i)''^''^^^^>^[^-^^]^'''^>'^[^^'^']^'''^>/^>^- 

i=l k=l 1=1 j=l+l 

Here, U coincides with l^. The reader may convince himself that = fc4+/3+(|X| — 1) 
mod 2 usiing 



n, = \Xi\\X:,,\ + \Z,\{\Z<^\ + \Y\ + l) + \Yk\\Y^k\ + \Zi\\Z<'\ 

h = \Yk\\Y:^k\ + \Zi\{\Z<'\ + \Z,\ + \X\ + l) + \X,\\X^,\ + \Z,\\Z<^. 



Now let us check 

= _(_i)(l^l-i)(l>'l-i)Ci. (A.13) 
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We have to compare 

r s t r 

B, = J]^^ 5^(-i)"^x<^x<fx>,[x„r,.]r<^r>,[x,,z,]z<'z>, with 

i=l j=l 1=1 k=i+l 
s r k—1 t 

j=i k=i 1=1 1=1 

r s t r 
i=l j=l 1=1 k=i+l 

where 

h = (|x,|-i)(|r,|-i) + i + (|x|-|x,|-|x,|)(|r|-|F,| + |x,| + |F,|-i) 

+ i\Y\-\Y,\)m + \Y,\-l) 

= \x\\Y\ + \x\ + \Y\ + |x||x,| + + |x,||x,| + ix^hfi + ix^i + |x,| + 

Using the identity |Xi|(|X| + |X>i| + \X<'\ + 1) = = + |F>j| + \Y<^ + 1) mod 2, 

the reader may check that = ki + + |X||F| + |X| + |F| mod 2 using 

m4 = \X,\\X^,,\ + \Y,\\Y<^ + \Xk\{\X^k\ + \Y\ + \X,\ + l) + \Zi\\Z<'\ 

h = |r,||r>,| + |x,||x<'i + |Xfc||x>,| + |z,||z<'|. 

and we have proved equation (]A.13p . 
Finally, let us check 

B, = -(^-i)(m-my\-i)c,. (a.m) 

To this end we need to compare 

r s t i—1 

i=i j=i 1=1 k=i 

s r s t 

^2 = 5^5^ 5^ $^(-i)'=^F<^iS,K-,x,]x<^x<^x>,[x,,z,]z<'z>, 

j=l k=l i=k+l 1=1 
r s t i—1 

= E E E Y.(-ir'^''x<'x<ix^,[x,, r,]r<^r>,[x,, z,]z<'z>,. 

i=l j=l 1=1 k=l 

Again, Iq coincides with l^. The reader may check that = k2 + h + |X||F| + |X| + |y| 
mod 2 using 

m, = \X,\\Xy,\ + \Y,\\Y<^ + \Xk\{\Xyk\ + \Y\ + l) + \Zi\\Z<'\ 
k2 = \Y^\\Y^j\ + \X,\i\X<'\-\Xk\) + \Xk\\X^k\ + \Zi\\Z<'\ 

The Jacoibi identity (lA.SP now follows from the identities (lA.9p - (]A.14p . 
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